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Introduction. The class of finite dimensional projective geometries has

been extended to include non-finite dimensional ones by J. von Neumann's

remarkable discovery of continuous geometries.]; In an axiomatic formulation

of the geometry as an irreducible complemented modular lattice § the finite-

ness of the dimensionality is guaranteed by a chain condition. Von Neumann

drops this chain condition and, retaining explicitly only two of its weak con-

sequences, namely, completeness of the geometry and a certain continuity

of the lattice operations, succeeds in establishing the existence of an essen-

tially unique real-valued dimension function which may have either a discrete

bounded range (the classical finite dimensional projective geometries) or a

continuous bounded range (the new continuous geometries). In every case it

is understood that the dimension function D(a) is to satisfy

(1) D(a + b)+ D(ab) = D(a) + D(b)

for all a, b.

It is clear that such a dimension function will be closely connected with

perspectivities. For a, b are said to be perspective if there exists a c such that

a + c = b + c,        ac = be;

and for such a, b (1) implies

D(a) + D(c) = D(a + c) + D(ac)

= D(b + c) + D(bc) = D(b) + D(c)

and hence, if D(c) is finite, D(a) =D(b). This motivates a definition of equi-

dimensionality, namely, a and b are called equidimensional if and only if

they are perspective. That this definition will lead to the desired dimension

function (in an irreducible system) depends in an essential way on the funda-

* Presented to the Society, December 30, 1936; received by the editors September 14, 1937.

t Sterling Research Fellow.

% See J. von Neumann: (1) Proceedings of the National Academy of Sciences, vol. 22 (1936),

pp. 92-100, 101-108; (2) Lectures on Continuous Geometry, planographed, Institute for Advanced

Study, Princeton, N. J., 1935-1937; (3) Continuous Geometry, American Mathematical Society Col-

loquium Lectures, to appear in book form. (2) will be referred to as C.G. The writer wishes to ex-

press his thanks to Professor von Neumann for many discussions of his new geometries.

§ See G. Birkhoff, Annals of Mathematics, vol. 36 (1935), pp. 743-748.
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mental theorem that a, b equidimensional and b, c equidimensional together

imply a, c equidimensional ; in other words, that the relation of perspectivity

is transitive.

The transitivity of perspectivity has been established by von Neumann

for reducible as well as irreducible systems* but partly by indirect methods

which require the full force of the completeness and continuity axioms. Now

while these axioms are indeed necessary for the existence of the dimension

function (in irreducible systems), weaker ones will secure the transitivity of

perspectivity (in reducible as well as irreducible systems), in fact, just those

parts of von Neumann's axioms which involve at most countable sets of ele-

ments, f

The present paper is devoted chiefly to a proof of the transitivity of per-

spectivity which uses direct methods throughout and holds for all systems

satisfying these weaker axioms. The paper is divided into six sections. The

weakened set of axioms to be used is formulated in §1. We require parts of

C.G., part I, usually in very specialized form, and for convenience these are

collected (briefly) in §§2, 3, 4. The new material in the proof of the transi-

tivity of perspectivity is contained in §5. The additivity and continuity prop-

erties of perspectivity are established in §6. The Lemma 5.1 in §5 may

perhaps be not without some interest of its own.

1. The partially ordered system. We shall consider a system L of ele-

ments a, b, c, ■ ■ ■ , x, y, u, v, ■ ■ ■ ,A, B, ■ ■ • which is partially ordered, that

is, we shall assume that a relation a á b (written equivalently b ̂  a) holds for

certain pairs of elements of 7 in such a way that

(i)   a ^b,b^c together imply a ^c, and

(ii) a^b, b^a are together equivalent to a = b.

The following axioms are postulated :

Axiom I. Countable completeness. For every finite or countably infinite

set% of elements ax, Ü2, ■ ■ ■  there exist the following elements :

Ii. a sum element a (written 2Z„an or equivalently ax+a2+ • • •) such that

for any x of L, x^a if and only if x^an for every «,

I2. an intersection element a (written Y[nan or equivalently axa2 • • • ) such

that for any x of L, x = a if and only if x ^ a„ for every «.

* For the general case see CG., part III, p. 22, Theorem 2.3; the special (irreducible) case is also

a consequence of the theorems of CG., part I (see CG., part I, p. 49, corollary to Theorem 5.16).

f That tht "countable" axioms are really weaker than the original axioms of von Neumann can

be shown by a simple example which satisfies the "countable" axioms but which has no zero, and

hence is not complete.

t All sets considered in this paper will be non-void. Thus Axiom I does not imply the existence of

a zero or of a unit element.
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Axiom II. Countable continuity. Let ait a2, ■ - ■ be any countably in-

finite sequence, and let c be an arbitrary element of L. Then

IL. (E-«-)c=23p{(Eif-iOc};
il. (n.O+c=n,{ŒE-i«.)+c}.
Axiom III. Modularity. For all a, b, c,

(a + b)c = {a + (a + c)b\c,

or what is equivalent, a = c implies (a + b)c = a + bc.

Axiom IV. Complementation. For any three a, b, c such that a = b = c there

exists an element d such that b+d = c, bd = a.

2. Independent sets of elements. We make the following definition:

Definition 2.1. A finite ( ïï 2) or countably infinite set of elements ai, a2, ■ ■ ■

is independent [written (a„, n = 1, 2, • • ■ ) ±) if for every two mutually exclusive

subsets <Ziu a,-2, • • ■  and a,i; ajv ■ • •

( 23 <*.-»)( 23 a.jn) = IIa»-

The an are said to be independent over 0 if all such (23«a¿n)(23naín) eaua^ 0*

Lemma 2.1. If the an are independent over 0, then ö=U„a„ and (an,

n = \,2,---)±.

Proof. Sincenna„ = ai(Un^1a„), the lemma follows from Definition 2.1.

Lemma 2.2. If ax, a2, ■ ■ ■ are independent over 0, then every subset

div ai2, ■ ■ ■  is independent over 0.

Proof. The lemma follows directly from Definition 2.1 and Lemma 2.1.

Lemma 2.3. If ax, a2, ■ ■ ■ are independent over 0 and if (air, r = 1, • • • ) are

mutually exclusive subsets for i = 1,2, ■ ■ ■ , then2~^rair, ¿ = 1,2, • • • , are inde-

pendent over 0.

Proof. The lemma follows immediately from Definition 2.1.

Lemma 2.4. If 0, ax, a2, ■ • ■ are such that for every two finite and mutually

exclusive subsets a¿„ • • • , a,p and aJi; • ■ ■ , a¡q

then the an are independent over 0.

* If 6 is a zero element of L, that is, if oà 6 holds for every a in L, then our independence over 0

is precisely the notion of independence as used in CG., part I, chap. 2.
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Proof. Let ain, (« = 1, • • • ), and a¡n, (» = 1), • • • , be any two mutually

exclusive subsets of ax, a?, • ■ • . Then

-••• -ZÍT.(Í«<.)(Í',)\
r¡     V      p   \ n=l /    \ n-1 / /

=   H\Z(B)\=e;
Q      '       P '

and the lemma follows from Definition 2.1.

Corollary. A countably infinite set of elements is independent over 6 if

and only if every finite ( — 2) subset is independent over 6.

Proof. The corollary follows immediately from Lemmas 2.2 and 2.4.

Lemma 2.5. Let 6, ax, a2, ■ ■ ■ satisfy an>,6 for every n. Let r\, r», • • • ,rm

be distinct integers, and let S be any set of integers not containing rm. If

armT,n*rman = 6, then

( X) «r„ ) ( X an) = ( X arn) ( X an)•
\ n=l /   \ ntS       / \ n=l /   \ ntS       /

Proof.

(   X)   «r»)(   X«n)   =   (    T^am  +  «r„ )  (     X «n ) (   X «n )
\ n=l /   \ ntS        / \ n-1 /   \ n^rm     /   \ ntS       /

= {(„Ia'")+a-(nÇ;n)}(Sa")

=   (    X)  «r„  +  ö) (   X)a«)   =  (    X)   am) (   X«n),
\ n-1 /   \ ntS       / \ n=l /   \ n<S       /

which proves the lemma.

Lemma 2.6. If d, ah a2, ■ ■ ■  are such that an+i(ai+ ■ ■ ■ +an)=d for every

« = 1, 2, • • • , then the an are independent over 6.

Proof. By Lemma 2.4 we need only show that

(£*■)(£*•)■•
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for all finite p, q and different ¿i, • ■ ■ , iP;ji, ■ • ■ ,ja; and this follows from

a finite number of applications of Lemma 2.5.

Corollary. If 0, c, ai, a2, • ■ ■ are such that

an(a„+i + • • ■ + a„+p + c) = 0

for all n = \, p^l, then the c, an are independent over 0.

Proof. By Lemma 2.6, c, an+P, an+P-i, • ■ • , an are independent over 0 for

all m = 1, p = 0. Therefore, by the corollary to Lemma 2.4, c, <Zi, a?, ■ ■ ■ are in-

dependent over 0.

Lemma 2.7. Let ah a2, • • • be independent over 0. If Si, S2, • ■■ are arbi-

trary subsets of the integers 1,2, • • • and S is the set of the integers common to

all Sn, then

n( 23 «n) = 23 an.
t   \ nfSi        ' ntS

Proof. Let T = (an, arv • • • ) be the set of the integers not in S. Then

n(z««Wzan+E«n)n(23«n)
Í   \ ntSt      / \ ntS ntT       /     t   \ neSt      /

= 23a„ + ( 23an)n( 23 on)
ntS \ ncT       /      t   \ ntSt      /

=   2Zan+Z\(tar)u(2Zan)\
ntS m    \\  i-1 /     (    \ ntSt       //

=   23 On + 23 (o) =  23 On
neS m neS

(by repeated use of Lemma 2.5) as required.

Lemma 2.8. If an, (m=1, 2, • • • ), are independent over 0 and 0fsun^=an

m = 1, • • • , p, andif 0 = vn^anfor m = 1, • • • ,q,then

23 Mn ) (   23 "n )   =      23      («nfl») •
n—1        /   \ Ti-1       / n=l

for

Proof.

(ui + u2)(vi + v2) = (ui + u2)(ui + a2)(axvx + v2)

= (ux + u2){v2 + vxax(ux + a2)}

= (mi + u2) {v2 + vi(ui + axa2)} = («i + u2) (v2 + vxux)

= • • ■ = (mi + u2)(uxvx + u2v2) = uxvx + u2v2.

Thus the lemma holds for p = q = 2. But if the lemma holds for all p=q<m,
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then it holds for p = q = m too. For

(m \    /    m        \ / m— 1      \    /  m— 1     \ m

2M«)(   X^»)  =  (   2Mn)(   X^î'n) + UmVm =   X) («»'»),
n—1        /   \ n—1      / \ n=l        /   \ n-1       / n-1

since 6^J^~xun, Xn^V^Xn^i'an; 6 = um, vm^am; andX^i^n, am are in-

dependent over d. Thus the lemma holds for all p = q. Ii p^q, say p<q, we

can set «„ = d for p <w = q and apply the result just proved for p = q.

Lemma 2.9. If ax, a2, ■ ■ ■ are independent over 0 and 0 = w„, vn^an; for

« = 1,2, • • ■ , then

(   X) «nj Í    X) »»')   =    X  («»»»)•
\    n /    \    n / n

Proof.

(?-)(?-)- {ç(s-)}{ç(s-)}
- z{e(è«.)(é«.)}

g     V     p    \ n-1        /   \ n-1      //

/ /min(p,g) \ \

= X) («a)
n

(by Lemma 2.8) as required.

Lemma 2.10. Let ax, a2, • • • be independent over d. If a^aij^d for all

i, j, and if the elements a,,-, j = 1, • • • , are independent over 6 (whenever there

are at least two elements in the set) for every ¿ = 1, 2, • • • , then the set of all

au, (¿, j = 1, • • • ), is independent over d.

Proof. If a<r,r, (r«=l, • • • ), and ak,i„ (s = 1, ■ ■ ■), are mutually exclusive

subsets of the an, then

( z «„,.)( E ,,.)- {r( F «,,)} {e(e «.,.)}

-El»)-«
n

(by Lemma 2.9), which proves the lemma.
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Lemma 2.11. If 0^ao and if an, añ are defined for m = 1, 2, • ■ •  ¿m such a

way that

a-n-i = an + an' ,        anan' = 0,

for m = 1, 2, • • • , then (UyO, «»',(m = 1|2, ■ ■ •), are independent over 0 and

a0 =23»a»' +IIrffr.

Proof.

al ( añ+i + añ+2 + ■ ■ ■ + añ+p + YLar)

= al an ( o„'+i + ön'+2 + • • • + a„'+p + II «>• ) = 0

for all m, p. Hence (Ua), a{, a2 , ■ ■ ■ are independent over 0 by the corol-

lary to Lemma 2.6. Furthermore

aa = a{ + ax = a{ + a2 + a2= ■ ■ •

T CO

=   23 an   + «r =   23 an   +.&r,
n=l n-1

for r = 1, 2, • • • . Hence

=   Il(  Ê  «n    +   Or)   =     23 al   + f[ or!
r     \ n=l / n=l r-1

«0

and the lemma is proved.

3. Perspectivities and perspective mappings. We make the following defi-

nition :

Definition 3.1. a, b are perspective (written a~b) if there exists an ele-

ment c such that

(i) a+c = b+c,

(ii) ac = bc.

Then c is called the axis of the perspectivity.

Lemma 3.1. If a, b are perspective and 0^ab, then there exists an element d

such that

(i) a+d = b+d = a+b, and

(ii) ad = bd = 0.

Proof. Let c be an axis of perspectivity for a and  b.   Since  0^ab

^ {c(a+b) +ab}, Axiom IV secures the existence of an element d such that

d + ab = c(a + b) + ab,        dab = 0.
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For this d we have

a + d = a + c(a + b) + ab = (a + c)(a + b) = a + b.

Similarly b+d = a+b, and (i) holds.

ad = ad{c(a + b) + ab} = d {ab + ac(a + b)}

= dab

= 0,

since ac(a+b)=ac = ab. Similarly bd = d, and (ii) holds. Thus d satisfies the

requirements of the lemma.

Definition 3.2. The sublattice of the x satisfying x = ais denoted by L(a).

If a^b, the sublattice of the x satisfying a^x^b is denoted by L(a, b).*

Lemma 3.2. If a, b are perspective with axis c and 6 = ac = bc, then a (1, 1)

correspondence between the elements of L(6, a) and those of L(6, b) which pre-

serves the relation ^ is defined by the inverse mappings

(P)    ax^bx = (ax + c)b

(Q)    bx-+ax= (bx + c)a.

Proof. If 6^x^athen under (P) x—>(x.-|-c)ô, and under (Q)

(x + c)b —* {(x -f- c)b + c}a = (x + c)(b + c)a

= {c + x(b + c)\a = ca + x(b + c)

= x(a + c) = x.

Hence (Q) is inverse to (P). Similarly (P) is inverse to (Q). It follows that the

correspondence is (1, 1). The invariance of the relation — is clear from the

definition of (P) and (Q).

Definition 3.3. The mappings of Lemma 3.2 are called perspective map-

pings.

Lemma 3.3. If ax corresponds to bx under a perspective mapping, then ax~bx.

Proof. Suppose ax corresponds to bx under a perspective mapping of 7(0, a)

on 7(0, b) with axis c. Then ax is perspective to bx with axis c, for

ax + c = (bx + c)a + c = (¿>i + c)(a + c)

= (bx + c)(b + c) = bx + c,

axc = a(bx + c)c = ac = be = b(ax + c)c = bxc,

and conditions (i) and (ii) therefore hold.

* The Axioms I, II, III, IV hold in L(a) and in L(a, b). L(a) has a unit (greatest) element,

namely a, and L(a, b) has a unit element b and a zero (smallest) element a.
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Lemma 3.4. If Pi is a perspective mapping of L(0, a,) on L(0, bt) for

¿ = 1, • ■ • , p, where ai+x = bifor ¿ = 1, • ■ • , p — 1, then the product mapping of

the Pi is a (1, 1) mapping of L(0, ax) on L(0, bp) which preserves the relation =.

Proof. The lemma follows immediately from Definition 3.3.

Definition 3.4. The mapping of Lemma 3.4 is called a projective mapping.

4. Transitivity of perspectivity in special cases. We prove the following

lemma:

Lemma 4.1. a~b, b~c, (a, b, c) L together imply a~c.

Proof. By Lemma 3.1 x, y exist such that

a+x = b + x = a + b,        b + y = c+y = b + c,

ax = bx = 0,        by = cy = 0,

where 0 = abc.

Then a is perspective to c with axis d = (a + c)(x+y). For

a + d = a + (a + c)(x + y) = (a + c)(a + x + y)

= (a + c)(a + b + y) = (a + c)(a + b + c) = a + c.

Similarly c + d = a + c. Thus a+d = c + d, and (i) holds. Also

ad = a(a + c)(x + y) = a(x + y) = a(a + b)(x + y)

= a{x + (a+ b)y(b + c)} = a\x + e) = 0.

Similarly cd = 0. Thus ad = cd, and (ii) holds.

Lemma 4.2. <z„~è„, for m = 1, 2, • • • , and (an+bn, n = \, 2, ■ ■ ■ ) J. to-

gether imply 23nan~23n&«-

Proof. By Lemma 3.1 we may assume the existence of elements x„ such

that

an + xn = bn + x„ = an + b„,

anXn  =  bnXn  =  0,

where 0 =H„(a»ôn). Then 23«a"> 23»&t. are perspective with axis 23 A,Ior the

relations

23 an +   23 Xn   =   23  (a" +   Xn)
n n n

=   23 (*n +  Xn)   =   23 bn +   23 Xn,
it n n

give property (i) ; and
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( 23a* H 23*") = 23 («n*»)

=   23 (bnXn)   =   (    236»)(   23 Xn)
n V   n       /  \    n        /

(by Lemma 2.9) gives property (ii).

Lemma 4.3. If an infinite independent sequence of elements a0, ax, ■ ■ ■   sat-

isfy an~an+x, for » = 0,1, • • • ,thena0=Y[nan.

Proof. From Lemmas 2.2 and 4.1, a0~an for all n. By Lemma 3.1 we may

therefore assume the existence of elements x„, (n = 1, 2, ■ ■ • ), such that

«o + xn = an + x„ = a0 + a„,

where 0=II„a„. We deduce successively

ao ^ an + Xn, n = 1, 2, • • - ,

ao = ( ¿o») + ( 2>»), /»=1,2, •••,

-*?{(£*)+(£4-{?(£*)}+(£*)
00

=     23 Xn
71-1

by Lemma 2.7. Hence

ao = «o23 xn = aof 23 23 *») = 23(a°23 *») = 0,
n=l \    p    n=l        / p    \     n=l        /

if only 0o23n= i*« = 0 for /» = 1, 2, ■ • ■ . Now for any fixed p,

V Í   P—1 / v-l        V \

ao 23 Xn = a0 < 23 xn + ( a0 + 23 xn j xp > ,
n=l V n=l \ 7i=l        / J

and, since

xpla0+ 23 xn j = xP(a0 + aP) I a0 + 23 an J ( a0 + 23 x*) = *pfflo = 0,

therefore
p p-1

«0 23 *n =  öo 23 *n •
71=1 71-1

A finite number of such reductions gives
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floX  Xn   —   a0xl   =  Q,
n-1

as required, and the lemma is proved.

Lemma 4.4. a~x, x~ai, ax ?£ ax = a together imply ax = a.

Proof. Let ax = axx = 0. Since 0 = ai ii a, Axiom IV secures the existence of

an element ax  such that

ax + a[ = a,        axax   = 6.

By Lemmas 3.1 and 3.2 there exist perspective mappings 7i of 7(0, a) on

7(0, x) and F2 of 7(0, x) on 7(0, ax). Define by induction on «

x„ = Ti(a„),     x„'  = Ti(an'),    an+i = T2(xn),    an'+i = F2(x„').

Then Lemma 2.11, the relation ax = 0, and Lemma 2.10, give (an, xf,

« = 1, 2, • ■ • ) -L. Lemma 2.2 then gives (<z„', x„', a'n+x) J-, and Lemmas 3.3

and 4.1 give a„' ~a„+i, for n = \, 2, ■ ■ ■ . Lemma 2.2 shows that (af,

« = 1, 2, ■ • • ) -L; hence by Lemma 4.3 ax =Ylnan' =6. Thus ax = ax+6

= ax+ax =a; and the lemma is proved.

Definition 4.1. 7/0 has been defined, we sometimes write

X) (© *»)
n

(or the equivalent Xi©x2© ■ ■ ■ ) in place o/^,i, (or Xi+x2-r- • • • ), provided

the xn are independent over 0. If d^u^v, then [v — u] will denote an element

(fixed) such that u© [v — u] =v. (Such an element exists by Axiom IV.)

Lemma 4.5. a~x, x~b, ab<x together imply a<^->b.

Proof, (a) Consider the special case where ab = bx = ax and x^a+b. Let

bi = b(a+x). Then bx is perspective to x with axis a, for

bx + a = b(a + x) + a = (b + a)(a + x) = x + a,

hence relation (i) holds; and

bxa = b(a + x)a = ba = xa,

hence (ii) holds.

Since b^xaxid bxx = b(a+x)x = bx, bx^bx^b; and Lemma 4.4 gives bx = b.

Hence b^a+x. Similarly afíb+x. It follows that a is perspective to b with

axis x, for
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a+x = a + x + b = b + x;

hence relation (i) holds, and ax = bx (by the special hypotheses of (a)) hence

relation (ii) holds. This proves Lemma 4.5 in the special case (a).

(ß) Suppose now only that ab = bx = ax (equal, say 0). Let Tx, T2 be per-

spective mappings of L(0, x) on L(0, a) and on L(0, b), respectively. Set a0 = a,

Xo = x,bo = b, and define an, an, xn, xn', bn, bn', for n = 1, 2, • ■ • , by induction

on m as follows:

xn = x„_i(a„_i + bn-i), an = Tx(xn), bn = T2(xn),

xn' = [x„_i — xn], a„' = Tx(xñ),       bn  = 72(xn').

If we set â=H„a„, x=Hnx„, 5=H„i>„, then Lemma 2.11, the relation ab = 0,

and Lemma 2.3 give a = â+2~2,nan', i = 5+23»&»> and ä + h, an'+bn',

(m = 1, 2, ■ • • ), are independent over 0. Lemma 3.3 shows that a„' ~xn' and

Xn ~bn'. Since an'b„' =0 and xn' (añ +b„') =0, Lemmas 2.6 and 4.1 show that

an' ~bn', for m = 1, 2, • ■ • . Now Lemma 4.2 shows that a~& if only a~5.

ä, x, b satisfy the hypotheses of Lemma 4.5 and the special conditions

of (a), for ä = Ti(x), h = T2(x) imply a~x, x'—S; äx = äaxx = 0, hx = hbxx = 0,

ab = äabl = 0; and, since Xnikan-i + bn-i for all n,

x s n (an+bn) = n n( n «. + n0

= lia» + n>n = ä + h
71 71

by two applications of Axiom II2. Hence a~5; and Lemma 4.5 is proved for

the special case (ß).

(y) Suppose now only ab = bx (equal, say 0). Let Tx, T2 be perspective

mappings of L(0, a) on L(0, x) and of L(0, x) on L(0, b), respectively. Set

ai = ax, xi = Tx(ax) = ax, bx = 72(xi),

a2 =  [a — ax],        x2 = Tx(a2), b2 = T2(x2).

Then a = ax®a2, x = xx@x2, b = bx®b2. By Lemma 3.3, ai = Xi~&i. Since the

hypotheses of Lemma 4.5 and the special conditions of (ß) are clearly satis-

fied by a2, x2, b2, a2~b2. Lemma 4.2 now gives a~b, and Lemma 4.5 is estab-

lished for the special case (7).

(Ô) Suppose finally only the hypotheses of Lemma 4.5. The method by

which (7) was deduced from (8) can be applied in the same way to deduce (S)

from (7). Thus Lemma 4.5 is proved.

Corollary. If Ti, T2 are perspective mappings of L(0, a) on L(0, x), and of

L(0, x) on L(0, b), respectively, and if T2Ti maps ai on bx, then axbx = 0 implies

<Zl~¿»l.
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Proof. Set Xi = Fi(ai). Lemmas 3.3 and 4.5 applied to ax, xx, bx, give the

desired result.

5. Transitivity of perspectivity. We prove the following lemma:

Lemma 5.1. If ax ̂  a2 = • • •  and c are given, and if 0 =YLn(anc), then there

exist decompositions

an = anc © an ,

for « = 1, 2, • • • , such that ax ~^ai ^ ■• • .

Proof. Let 7n= [an — (anc+an+x)], for « = 1, 2, • • • , and let ä=Yinan,

7= [<z — äc]. Then

ax = 7i © (axc + a2),

a2 = 72 © (a2c + as),

an = In © (anc + an+i),

â = I © äc;

and clearly ci = cläc = d, c7r = c7r(arc + ar+i) =0, Ir+kúar+kúar, for all r^l,

¿àO.
We can now prove that ar = aTc@I ©XiT-r^n, for r — 1,2, • • ■ .In the first

place, aTc, I, In, (n = r, r+l, ■ ■ ■) are independent over 0 by the corollary

to Lemma 2.6 since arcl = d; and for all p>n~¿.r,

In i arc + I + J2 Im) = Inan(aTc + a„+i) (arc + I + X) T™ )
\ m=n+-\       / \ m=n+l       /

=    In(anc + an+i) (arc + I+ X l »• )

= e.

Secondly,

CO CO CO

arc + I + X) Tn = arc + H am + X) ^n
m=r n=r

CO        / CO \

=   II ( «rC + «» + X) 7« )
7n=r \ n=r        /

=   YLiarC + am + ^2ln).

Now if m^/-,
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m—l m—2

arc + am + Y^ In = arc + am_xc + am + Im-i + 2 7n

n—r n=r
m—2

= arc + am-i + S 7n = • ■ •
n—r

= aTc + ar = aT.

Thus arc ffi/©XiT-r^n =IIm=r(0'-) = ar as required. It is now clear that if we set

oo

a»' = I ffi X h,
r—n

we will obtain the decompositions required by the lemma.

Corollary. 7« Lemma 5.1, /, 7n, (« = 1,2, • • • ), are independent over 0.

Proof. This is immediate from the proof of Lemma 5.1.

Theorem 5.1. Transitivity of perspectivity. a~x, x~ô together im-

ply a~b.

Proof. (I) Let d = abx, and let Fi, F2 be perspective mappings of 7(0, a)

on 7,(0, x) and of 7(0, x) on 7(0, b), respectively. Let T = T2TX be the product

mapping of 7(0, a) on 7(0, b), and let F_1 be the inverse mapping to T. We

shall use the notation ax—*bx, or the equivalent bx = T(ax), to denote that bx is

the map of ax under T.

(II) Let c = ab, and let a0= [a—c], where a0 is restricted to satisfy a cer-

tain condition which will be stated precisely later (see (III) below). Set

bi = (T(a0))c,bx' = [Tiod-hla^T-iQx),^' =T~\bx').Then

a = ao ffi c,

a0 = ax ffi a( ,        ax-^bx — c,        ax —> b{ , (bx c = d).

Since  6^bx^a,  T(bx)  is defined.  Let   {T(bx)}c = b2,  b,' = [T(bx) -b»],  bx2

= T-\b2), 02 = T~\bX2), b'X2 = T-Htf), a{ = T-\b'x2). Then

ax = o2 ffi 02,        a2 —> bi2 —* Z>2 ik c,        a2 —» £>i2 —► 62, (o2c = 0).

Similarly, obtain the table

ao = fli ffi 0i, ai-^-bi^c, ßi—>2>i, (bic = 6),

ai = Ü2 ffi 02,        <z2 —» ¿>i2 —> o2 = c,        a2 —» ¿>i2 —» ¿>2, (J2c = 0),

?

an-l  =   «n  ffi   «n, «n ~» Ôl2---n —»■ &S3---n—*  -   -   -   -* bn  2=   C,

an—>-bl2...n—*b23-.-n—^  '  '  '  ~* K, 0>nC   =   6),
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We can now prove the following statements :

(«) IIn-ia» = ö and ao=23,T.i(©'1» )•
(ß) añ, í»í2...n, Z»23...n, • • • , bn are independent over 0,for m = 1, 2, • • • .

(7) Ifwesetdn = an'+b'i2...n+b'2z...n+ ■ • ■ +bn , then di, d2, ■ ■ ■ are in-

dependent over 0.

(b) All the primed elements ax , oí, • • • , b{, b'x2, ■ • • are independent

over 0.

Proof of (a). LetH„a„ = â. Then T"(a) = TT • ■ ■ T(a) (n factors T) is de-

fined for m = 1, 2, ■ • • ; and T(a), T2(a), ■ ■ ■ are independent over 0 by the

corollary to Lemma 2.6 since

{T»(â)\ {T»+Kâ) + ■■■ + T»+p(â)\

has a T~" map which is =a0b = a0ab = a0c = 0, for all n, p^\. Since T"(a)

~rn+1(ô) by Lemma 3.3, Lemma 4.3 shows that â = 0. The statement (a)

now follows from Lemma 2.11.

Proof of (B).

br{r+l). ••7i(í'(r+l)(r+2).--n + £>(r+2) (r+») • • -ti +   ' •  '   + bn)   —  0

since it has a T~r map which is ^ a0b = 0. The statement (ß) now follows from

the corollary to Lemma 2.6.

Proof of (y).0edn(dn+i+dn+2+ • ■ • +dn+P)

â  (a'„+b'íi...n+---  +b'n)

= an(an+l + ffn+2 + • • ■   + On+p) + (&12 - - •» +■■•+&») '

.,!

= 9 + r (0„  +   &H. .-„  +   ■•   •    +   6(7.-1)7.)

On+\ + í»12- • -(M-l) + ' ' "   + bn+1

+ Ö71+2 + bn. . .(71+2) +  '  "  -   + &n+2

+.

+ On+p + i»12 • • • (71+p) + " ' • + bn+p

bn... (71+1) + • • • + tn+i

+ 612... („+2) + ' • •  + frn+2

+.•

. + &12- • -(71+p) +  •  '  •   + bn+p

än+l + hl.. .(„+!) + •  • • + í»,i(n+l) )

+ On+2 + hi. . .(„+2) +  •  • • + i>(7l+l)(n+2)

+.

. + Œti+p +bw.. .(n+p) + • • • + i»(7i+p-l)(n+p) .

g 7>+i(9) = 0.

The statement (7) now follows from the corollary to Lemma 2.6.

Proof of (0). The statement (5) follows from (B) and (7) by Lemma 2.10.

(Ill) By the corollary to Lemma 4.5 añ~M2---n, b'i2...n^bi3...„, ■ ■ ■ ,

¿>(7i-i)n~£>7i'. Since a„', b[2...n, ■ ■ • , bn' are independent, repeated application
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of Lemma 4.1 shows that an ~bn' for «= 1, 2, • • ■ . Now set

00

A = X) (ffi a'n) ffi X) (© &rVl-l)....),
n=l r?«i«

00

5   =   X   (ffi  b'n)   ffi   X)  (ffi  fcrir+l)....).
n=l r^s

By Lemma 4.2, A ~5. Furthermore 7" (4) =5.

Now suppose that a0 was chosen (in (II) above) in such a way that, the bn'

having been defined as above, we should have (Yn~i°n')c = d (that such an a0

exists will be shown in (V) below). Setting

c-X(ffiC+i)....)

we have Bg = Bgc = g ^^«(ffi&rcr+i). --s) =0, and we can define

h= [b- (B®g)].

Then we clearly have

C   =     X} (©  Or'(r+l) ■ • ■«)   ffi  g,

a = A ffig,

6 = 5 © g © A.

By Lemma 4.2, a~& if only h = 0.

(IV) We proceed to show that h = 0. Let g' = F_1(g-r-A). Since

4 ffi g = ö = r-1^) = T-l(B © g © A) = A © g',

it follows that there exists a perspective mapping S of 7(0, g') on 7,(0, g).

Now set h0 = h and define A„' , hn, for « = 1,2, • ■ • , by induction on « as fol-

lows:

K    =   T-\hn-l), hn   =  S(K).

Then A0, hx, • ■ ■ are independent over 0 by the corollary to Lemma 2.6 since

hn(hn+l  +   ■   ■   ■   +   hn+p)   =   (ST^Y{h(hX  +...+*,)}

= (ST-1)»{hg(hi+ ■■■ +hp)\

= (ST-1)^) = 6.

Since A„_i~A„' , hñ ~hn, and A„_iA„ = 6^hñ, Lemma 4.5 shows that A„_i~A„.

Now Lemma 4.3 gives h = h0 = 0 as required.
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(V) To complete the proof of Theorem 5.1 we need only show that the

a0= [a — ab]= [a — c] defined in (II) above could be chosen in such a way that

c23t7-i^»' —8 wm n°ld m (LH) above. We first note that if we set

vi = T~l(c), v2 = T~l(vic), • • • , vn+i = T~x(vnc), ■ • - ,

then it is sufficient to choose a0 so that a = a0®c and

vnc = (vn + a0)c,

for m = 1, 2, • • • . For if a0 is so chosen, then

0 ^  b'n+l(c + b[ + b2 +   •••   +bn)

= T{b'n(n+i)(T-l(c) + a'i + b[2 + ■ ■ ■ + ¿><„_i)„)}

^ T { b'n(n+l)C(Vl +  a0 +  b'u +   •   •   • ■ +  b[n~l)n) }

= T {bn(n+l)(c(vi  +  a0)   +  bl2 +   ■   •   ■   +  ¿Íti-I),.)}

= T{b'n(n+l)(VlC +  ¿12  +   •   ■   •    +   Ô(„_l)n)}

^ 72 {¿»(n_l)n(n+l)(l>2 +  «0 +  ¿123 +   •   ■   •   +  6(n-2)(»-l)n)}

i= T2\b(n-l)n(.n+l)(v2C  +  ¿123  +   "   '   "   +   b („_2) (B-l)n) }

^ •       ^ 7n(èi2.--(n+i)î'nc) ^ 6„'+ic = 0;

hence

Wn(c + « +W + ••■ +W) =0,

for »=1, 2, • ■ • . By Lemma 2.6, c, bx , b2 , ■ ■ ■ are independent over 0;

hence c23t7=i^"' =0 as required.

Thus we have only to construct an aQ such that

a = a0 © c,    vnc = (vn + a0)c,

for m = 1, 2, • • • . Apply Lemma 5.1 to vx = v2= ■ ■ ■ and c, and obtain I,I„,

m=1, 2, ■• -, as in the proof of Lemma 5.1. Then vn = vnc®I@ 2^1,2*. J™-

Let u = [a — (î»i + c) ]. Then

«(* +  Z M = «»if* + ¿ 7^ = 0,
\ m=l        / \ m=l        /

and we can set

ß0   =   /  ©   23  (®  Im)   ©  M-
771=1

This ao satisfies our requirements, for

00

a0 + c = c + I+ 2^jlm + u = c + vi + u = a,
m-l
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a0c = aa(vx + c)c = I I + Y I™)6
\ m=l        /

Hence a0®c = a. And

= (I + £i*)vic = e.
\ m-1        /

(Vn +  a0)c  =   (vnC + I +   Y,Im + U)C
\ TO— 1 /

= (vnc + a0)c

= vnc + aoc = vnc + 6 = vnc.

This completes the proof of Theorem 5.1.

6. Additivity and continuity properties of perspectivity. We prove the fol-

lowing lemma :

Lemma 6.1. If dis defined and if

a = ai ffi a{ = a2 ffi a¿,

then ai~a2 implies a( ~a2'.

Proof. The perspectivity <z1'~a2 implies, by Lemma 3.1, the existence of

an x for which

ax + x = a2 + x = öi + 02,

axx = a2x = 0.

Let c= [a — (ai+a2)]. Then a{ is perspective to (x+c) with axis ax, for we

have the relation

ax + ax = a = c + (ax + a2) = c + (ax + x)

= (x + c) + ax,

hence relation (i) holds; and

alai = 0 = xai = (x + 6)ax = {x + (ax + a2)c}ai

= {x + (oí + x)c}ai = (x -f- c)ax,

hence relation (ii) holds.

Similarly af  is perspective to (x+c). Theorem 5.1 then proves that

ai ~02 as required.

Lemma 6.2. If 0 is defined, and if

a = ax® a{ ,        b = bx ffi b{ ,

then a~&, ax~bx together imply a( ~bx .
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Proof. Let F be a perspective mapping of 7,(0, a) on 7(0, b), and let

u = T(ax), v = T(ax); then ax~u, a(<~i>, and b = u@v. Since ai~bx, Theorem

5.1 gives w~2>i and Lemma 6.1 gives v^bx . Since a{ <~z> and v~bx , Theorem

5.1 gives ax ~bx .

Lemma 6.3. ax<~^bx, a2~62, axa2 = bxb2 together imply (ax+a¿)~(bx+b2).

Proof. Let 0 = aia2 = W>2, d = ax+a2+bx+b2, and define a' = [d — (ax®a2)],

b'=[d-(bx@b2)]. Then

(a' ffi a2) © ax = d = (b' ffi b2) ffi bx.

By Lemma 6.1,  (a'ffia2)~(è'ffi£>2); hence by Lemma 6.2  a'~b'.  Since

a'ffi(aiffiaa) = b' ®(bx®b2) Lemma 6.1 proves (ai+a¿)~(bi + b¿) as required.

Lemma 6.4. If 0 ¿5 defined, and if ax, ■ • ■ , ap and bx, ■ ■ ■ , bp are two sets

of elements, each independent over 0, with ar~br for r = \, ■ ■ ■ , p, where

p = \, 2, ■ ■ ■ , then

(¿(©«r))~(¿(e*,)).

Proof. Suppose the lemma established f or p = n for some fixed « = 1,2, • • ••

Then

(ax ffi • • • ffi a„) ~ (bi ffi • ■ • ffi 6„), a„+i ~ bn+l

imply, by Lemma 6.3, (<Zi4- • • • +an+an+x)~(bx+ ■ ■ ■ +bn+bn+x); and the

lemma will hold for p = n+\. Since the lemma is trivially true for p = \, it

holds, by induction, for all /> = 1, 2, - • - .

We now define a relation a <x. b as follows :

Definition 6.1. a«.b if a~¿>i for some bx — b.

Lemma 6.5. (I) a = b implies a*-b.

(II) a S. b, b « c together imply a<*-c.

(III) a « b, b « c together imply a<xc.

(IV) a x b, beca together imply a~b.

Proof. (I) follows from a~a.

(II) : Let 0 = ac, and let F be a perspective mapping of 7,(0, b) on

7(0, c). Then T(a) is defined, a~T(a), and T(a) ^c. Hence a « c.

(III) : a a b means a~6i for some bi ^ b. Since b <* c, (II) gives ¿>i~Ci

for some Ci^c. Theorem 5.1 then gives a~Ci. Hence a<xc as required.

(IV): a<xb means a~Z>i for some bi^b. If b <xa, then b~ax for some

ax^a, and &i~a2 for some a2^ai, by (II). Then, by Theorem 5.1, a~a2; and,
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since a2 ̂  a, Lemma 4.4 implies a2 = a. Since a2 g ax :£ a, we have a = ai~Z> ; that

is a~2» as required.

Lemma 6.6. If c^a and d = ca, there exists an element ai with d^ai^a and

C~<Zi.

Proof. c&.a means c~a2 for some a2^a. Let 0 = a2d; then 0 :£ca2, and there

exists, by Lemmas 3.1 and 3.2, a perspective mapping T of L(0, c) on L(0, a2).

Define c'= [c — d] and c' = 7(c'); then c' ^a2^a, c'd = 0, c'<^c', and c'd = c'a2d

= 0. By Lemma 6.3,
c = (c' © d)~(c' © d) g a,

and fli = c'ffid satisfies all the requirements of the lemma.

Lemma 6.7. If 0 is defined and if a®ai = a'®a2, then a~a' implies a2 « ai.

Proof. Let v=[(a®ax) — (a'®a2)]. Then a®ax = a' ®a2®v, and Lemma

6.1 implies ai~(a2®v) ; thus a2 « ai as required.

Lemma 6.8. If 0 is defined and if a®a2<xa®ai, then a2«ax.

Proof. By Lemma 6.6 (with the 0 of the present lemma in the place of

the d of Lemma 6.6) (a®a2)~u, where 0^uS (a+ax). Let T be a perspective

mapping of 7,(0, a+a2) on 7,(0, u), and let d = T(a) and d2 = T(a2); then

a®ai = â®â2 and a~a. By Lemma 6.7, a2 <x ax, and since â2~a2, Lemma 6.5

(III) implies a2 « ax, which proves the lemma.

Lemma 6.9. If 0 is defined, and if

u © vi ® ■ ■ ■ © vp oc a,

where u^a and (vi® ■ ■ ■ ®vp)a = 0, (p = l, 2, ■ • ■), then there exist elements

vx , • ■ ■ ,vp' with Vr^Vr , (r = l, • • ■ ,p),u,vx, ■ ■ ■ ,vp,vx , ■ ■ ■ , vj independ-

ent over 0, andu®vx © • • • ®vp' Sa.

Proof. Define <zi= [a — «]; then

a = u ® ax, u ® (vx ® ■ ■ ■ ® vp) « u ® ax,

and Lemma 6.8 implies (iii © • • • ®vp) <xax. Thus there exists, by Lemma 6.6,

a perspective mapping T of 7.(0, (vx® • • ■ ®vp)) on 7(0, a2) for some a2

satisfying 0^a2='ax. Let vr' =T(vr) for r = l, • • • , p. Then vT~vr', for

r = l, • ■ • , p; YLr-i{@v!)=ai = ai = a', and»,', (r = l, ■ • ■ , p), are independ-

ent over 0. Since

(  23 (®  »r')) (« © 23 (©  Vr))   =   (  E  (S  ni)) aJu ®   £ (©  Vr) )

= ( ¿(© vlYJaiU = 0,
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u, vx, ■ ■ ■ , v„, v{, • • • , Vp' are independent over 0 by Lemma 2.10. Thus

vx , • • • , vf satisfy all the requirements of the lemma.

Lemma 6.10. Let aii=a2= • • • be an infinite set of elements, and let c sat-

isfy 0 = c^ai, where 0=H„a„. Suppose further that c*.anfor n = \, 2, ■ • ■ .

Then there exists an element c' ^ax such that c~c', cc' = 0, and (c®c') <xanfor

« = 1,2, ••■.

Proof. Define ct = [cat — cal+x] for 2 = 1, 2, • • • ; then cat = cat+x®ct, and

oo oo

c = cax = E (ffi c<) © II (cat)
i-i «-i

00 00

= E(® ct) + e = £(eci).
<_i i—i

Suppose that crir2...rni have been defined, for all 1 ^ri<r2< • • • <rn<t<<x>

with \^rn<p for some fixed p = \,2, ■ ■ ■ (« taking all values possible), in

such a way that the following conditions are satisfied :

(a)p ct,t = \,2, ■ ■ ■ ;c,ir,...rnt, 1=>iOî< • • • <rn<t, for r„<^, are in-

dependent over 0,

(0)p If we set

Crit^.-.Tn ¿—I        V©   C'lr2 • • -Tnl) ,

t=r„+l

then

Cr\r%'"T%t   =    \Criri. . .rnat CT,r2 . • -m^l-fl J ,

and

Crir2...r„ ~ Cr¡r2...r„, 1   á   ^  <  f2  <   •  •  •    <   r„   <  /   <    00 ,    rn   <  p.

00 CO

(t)p C~E(® Ci) ffi E (© c,,,,...»*«),
1—p l=p

where in the last summation rx, r2, ■ ■ • , rn take on all possible values with

rn<p.

Then c « ap+i, and

(00 00 \

X(ffiCi)©        E       (ffiCr^.-.m«))
1-p+l ¡=p+l,rn<p /

ffi   I   Cp ffi   ¿—I   (ffi   Cnr2 • • Tnp)   ) ',
\ r,t<P /
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and Lemma 6.9 secures the existence of elements cp , cr'r,...rnp, (l^ri<r2

< • • ■ <r„</»), such that 0^Cp'^iip+i, 0^Crir!-..rnp^ap+i, Cp~Cp', cr,r!...rnP

~cr'1r!---r„p, and c, (t-l, 2, • ■ • ), cr¡r,...rnt, (l^ri<r2< • • ■ <r„<i<oo,

r„</»),Cp',c'ir,...rnp, (l^rx<r2< • • • <r„</»),areindependentover0.Hence

if we define cpt = [cjat-cp at+i] and cT,rt...TftPt= [cr'iri...r„pat-cr'r,...rBPa,+i],

then (a)p+i, (ß)P+i, and (7)P+i will be satisfied. Since (a)i, (ß)i, and (7)1

are trivially satisfied, it follows that we can define the cTtr,...rnt, (for all

1 ̂ ri<r2< • • • <r„<i< oo), so that (a)p, (ß)p, and (7)p are satisfied for all

p = l, 2, ■ • ■ . Then cu c2, ■ ■ ■ , c{, c2 , ■ ■ • are independent over 0, and

Cn~cn' for m = 1,2, • • • . Lemmas 2.3 and 4.2 now imply that c=23rT-i(©c„)

'~23n-i(©c7i'). If we set c'=23iT-i(©cn )> we wm nave c~c', cc' = 0, and

(c®c')-=ai.

Finally, since c<xap, we have c~cp for some cp with 0^cp^ap by

Lemma 6.6. Applying the reasoning of the preceding paragraph to cp and

ap^ap+i=- • ■ ■ we obtain C' such that cp~cp' and (cp®cp') Hkap. Then

c'r^c, c~~>cp, cp~cp', imply, by Theorem 5.1, c'~cp' and hence, by Lemma

6.3, (c®c')~(cp®cp>). Lemma 6.5 (III) now implies that (c®c')<*ap for

all p = 1, 2, • • • , and c' satisfies all the requirements of the lemma.

Lemma 6.11. The hypotheses of Lemma 6.10 imply c = 0.

Proof. Suppose that S\, c2, ■ ■ • , c2» have been defined for some fixed

^» = 0, 1, • • •  in such a way that, if we write c(P) for ci+ - • • +cp, then

(\)p c~cr for r = l, ■ • • , 2";

(p)p cr,r = \, ■ ■ ■ ,2P, are independent over 0;

(v)p C(p) = ai and c(p) « an for n = 1, 2, • • • .

Then there exists, by Lemma 6.10, an element c'Sax such that Ccp)~c',

C(p)c' = 0, and (c(p) ®c') « a„ for m = 1, 2, • • ■ . Let T be a perspective mapping

of 7(0, C(p)) on 7,(0, c'), and let c2*+r = T(cT) for r = l, • • • , 2". Then (X)p+1,

(p)P+i, and (y)p+i will be satisfied. Since we can define ci-c to satisfy (X)0,

(m)o, and (v)0, it follows that we can define, by induction on p, an infinite

sequence c„,(» = 1,2, • • •),satisfying (A)p,Gu)p, and(v)p,for all p = 0,1, • • • .

Then we have Si, c2, ■ ■ ■ independent over 0 and c„~c„+i (by Theorem 5.1

since Cn~c, c~cn+i); hence ci = 0 by Lemma 4.3. Since c = ci we have c = 0.

This proves the lemma.

Lemma 6.12. Without the condition cSax, the remaining hypotheses of

Lemma 6.10 imply c = 0.

Proof. 0fkcai, cocoi, imply, by Lemma 6.6, the existence of a Ci with

ß^Ci = ai, and c~Cl By Lemma 6.5 (III), cx and ai^a2^ • • •   satisfy the
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hypotheses of Lemma 6.10; hence Lemma 6.11 implies cx = 8. Since c~ci = 0

and 6^c, Lemma 4.4 gives c = 6. This proves the lemma.

Lemma 6.13. If 6 is defined and c<x(a®b), there exists a decomposition

c = cx®C2 with cx <* a, C2 « b.

Proof. By Lemma 6.6, c~w, 6^u^(a®b). Let ux = au, define ux = [u—Ui],

and let U2 = (a+ux')b; then u = ux®u{, and U2~ux with axis a, for

u{ + a = (u[ + a)(b + a) = (a + ux)b + a = w2 + a,

hence (i) is satisfied ; and

u[a = u[ua = u[ux = 0 = w2oa = u2a,

hence (ii) is satisfied.

Now let cx = T~1(ux) and C2 = T~l(ux); then c = ciffic2, Ci~wiiSa, and

C2~U2 = b (by Theorem 5.1, since c2~îîi' and u( ~w2). This proves the lemma.

Lemma 6.14. If ax = 02= • • •  and c^anfor « = 1, 2, ■ • • , then c<xjjyin.

Proof. Let ä=I7„a„, 8 = câ. Apply Lemma 5.1 to â and ai^a2^ ■ • • to

obtain an = an' ffiöwitha/ =a¿ = • • ■ . Then Un^n = (IIn«n )dax =0.

Let Co = c and ä0 = ä. Suppose cT, cr', ar, dr', have been denned for 1 ^r<p

and for some p = 1, 2, • • • in such a way that the following conditions are

satisfied :

(a) p cr_i = cr ffi cr', ¿V-i = är ffi dr', cr' ~ô7, f or 1 = r < p.

(0)p Cp_i « öp'_i, (p>í), and cp_i « (an' +dp_x), for « = 1, 2, • • • .

Then, since cp_i « (af +dP), we can define cp, cp', df, by Lemma 6.13, so

that
cp_i = Cp ffi Cp ,        Cp « öp',        Cp <—'äp  ^ dp-i.

Now define ap= [âp_i — df ]. Then, by the use of Lemma 6.8,

äp_i = âp ffi äp ,        Cp « (a„' ffi âp),    for   « = 1, 2, • • • .

Thus (a)p+i, (i3)p+i are satisfied. Since (a)i and (ß)x are satisfied by ca, do, it

follows that we can define by induction cT, cT', âT, à', for r = l, 2, ■ • • , to

satisfy (a)p and (ß)p for all p = 1, 2, • • ■ .

By Lemma 2.11

CO 00 OO 00

C  =   E i© O  ffi   II Cn, Â   =   E  i®  an )   ffi   II an-
n—1 n—1 n—1 n-»l

Since
00 00

II ai = S = Il ^ ^ cr oc flr'     for    r = 1, 2, • • • ,
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Lemma 6.12 impliesH„",1cre = 0. Hence c=23iT-i(©c» )■ Since

c( ¿ (© añ)) = câ( ¿ (© añ)) = 0,

Lemma 2.10 implies cñ, aH', (m = 1, 2, • • • ), are independent. Lemmas 2.3

and 4.2 now give

00 CO oo

C  =   23 (© Cñ) ~ 23  (©  an)   S   ä   =   Il «n-
71=1 71=1 71=1

Hence c «H„a„, which proves the lemma.

Lemma 6.15. If 0 is defined, and if

a® a' = b ® b',

then b <*a implies a' «.b'.

Proof. Suppose b~aiíí¡a, and define ax = [a — ax]. Then ax®(ax ®a')

= b®b', and Lemma 6.2 implies (a/ © a') ~¿>'; hence by Lemma 6.5 (II) a' «¿»'.

Lemma 6.16. If ax = a2= • ■ • andifan<*cfor n = \,2, • ■ ■ ,then2^nanxc.

Proof. Let axc = 0, and define Mi=<Zi, un= [an — an-X] for m = 2, 3, • • • ;

then a7.=23r*-iMr, (»=1, 2, ■ ■ • ), and ux, u2, ■ ■ ■ are independent over 0 by

Lemma 2.6, since un+i(ui+ ■ ■ ■ +un) = [an+i — a„]a„ = 0forM = l, 2, • ■ • .Set

2>n=23r°°-n+i(®«r) for m = 0, 1, • • • ; then bo^bi^ ■ ■ • , and

oo

bo = 23 (© O = an ® bn, n = 1, 2, • ■ • .
7=1

Hence &o^23rT-ia7i- Since un^an we also have &o=23iT..iMn=23>r~ia7i; thus

¿»o=23r-iaT>. Now define c'= [(b0+c)—c] and b0' = [(b0 + c)—b0]. Then

c ® c' = bo © bó = a„ ® (bn ® b¿)

for m = 1,2, • ■ • , and Lemma 6.15 implies c' « (bn®bo) iorn = l, 2, ■ ■ ■ .Ap-

plying Lemma 6.14 to c' and (bx + b0') ^(b2 + b0')^ ■ ■ ■ , we obtain

c' « II (*« + W ) = ( II bn\ + bo' =0 + bo' = ¿>o' •
71 \       71 /

Lemma 6.15 now implies 23T.a7i = ^o «c This proves the lemma.

Definition 6.2. If ax, a2, ■ ■ ■  is an infinite sequence, we define

\im sup A« = II ( 23 a» ), lim inf a„ = 23 ( IT «n j •
p    \ n=p       / p     \ n=p       /
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The sequence is called convergent if lim sup an = lim inf an, and for a convergent

sequence we define lim an = lim sup a„ = lim inf an.

Lemma 6.17. 7/ai^a2^ • ■ • (ffi^ff2=S • • •) then lim an is defined and is

equal to Xn<*n (UyO-

Proof.
co/co \ eo/oo \ co

lim sup an =  II (   E an )  =  IT (   E «n )  =  E ö»
p=l \ n=p       / p=l \ 7i=l        / n=l

\        p=l n /

CO/CO \ CO

lim inf an = E ( II a" ) = E (flp) = Xa«
p=>l \ n=p       / jj=1 n

(CO        /       00 \ OO \

= E(n«n) = nan).
p=l \ n-1       / n-1       /

Hence lim sup an = lim inf ffn=E«a" ( = ITnffn) and the lemma follows from

Definition 6.2.

Theorem 6.1. Continuity of perspectivity. 7/«i, a2, • • • andbi, b2, ■ ■ ■

are convergent sequences with lim an = â and lim bn = h, then ff„~&n for

« = 1,2, • • • implies d~b.

Proof. For every fixed p = 1, 2, • • •  we have

( II «n) = aT ~ br = ( E M> r - í, Í + 1, • • • ,

and Lemma 6.14 implies (ILT-pO aIL°lj((En-A») = 5. Lemma 6.16 gives
ff =XpC-i(lTr-pan) <* 5, that is ff" « 5. Similarly 5 °c a. Then,by Lemma 6.15(IV),
ff~5, which proves the theorem.

Corollary. If ai ^ ff2 ̂  • • • ff«á h g &» á • • • (ffi à «> à • • • ff»d ¿>i à ¿>2

è • • • ) then an~bn for n = l, 2, • ■ ■  impliesEnffn~En¿>« (Hnffn~II«&n)•

Proof. By Lemma 6.17 this is a special case of Theorem 6.1.

Theorem 6.2. Additivity of perspectivity. 7/ 0 ¿5 defined and if an,

i^n<p, and bn, l^n<p, are each independent over 0, where p is finite or in-

finite, then ff„~£>„/or 1 Sn<pimplies

£(®an)~£(®bn).
n-1 n-1
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Proof. By Lemma 6.4 23n-i(©an)'~23n-i(©&n) for all r<p. If p is finite

this proves the theorem, and if p is infinite we have, using the corollary to

Theorem 6.1,

23 (©   On)   -   23Í  É  (©  «n))~ 23Í  L (©  h,))   =   E  (©  bn).
71-1 r     \ 71-1 / r     \ Tl-1 / Ti-1

This proves the theorem.*

* For the special case of an irreducible geometry (finite dimensional or continuous), all the

lemmas and theorems of §6 are easy consequences of the existence of a dimension function, and

conversely, some of them are useful in establishing the existence of the dimension function (see C.G.

part 1, chaps. 6 and 7). The notion of a convergent sequence is given in an equivalent form by von

Neumann, Proceedings of the National Academy of Sciences, vol. 22 (1936), p. 107 (see the defi-

nition of lim** given there).
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