ON THE TRANSITIVITY OF PERSPECTIVITY
IN CONTINUOUS GEOMETRIES*

BY
ISRAEL HALPERINt

Introduction. The class of finite dimensional projective geometries has
been extended to include non-finite dimensional ones by J. von Neumann’s
remarkable discovery of continuous geometries.f In an axiomatic formulation
of the geometry as an irreducible complemented modular lattice§ the finite-
ness of the dimensionality is guaranteed by a chain condition. Von Neumann
drops this chain condition and, retaining explicitly only two of its weak con-
sequences, namely, completeness of the geometry and a certain continuity
of the lattice operations, succeeds in establishing the existence of an essen-
tially unique real-valued dimension function which may have either a discrete
bounded range (the classical finite dimensional projective geometries) or a
continuous bounded range (the new continuous geometries). In every case it
is understood that the dimension function D(a) is to satisfy

¢Y) D(a + b) + D(ab) = D(a) + D(b)

for all a, .
It is clear that such a dimension function will be closely connected with
perspectivities. For a, b are said to be perspective if there exists a ¢ such that

a+c=b+c, ac = bc;
and for such g, b (1) implies

D(a) + D(c) = D(a + ¢) + D(ac)
= D(b + ¢) + D(bc) = D(b) + D(c)

and hence, if D(c) is finite, D(a) = D(b). This motivates a definition of equi-
dimensionality, namely, ¢ and b are called equidimensional if and only if
they are perspective. That this definition will lead to the desired dimension
function (in an irreducible system) depends in an essential way on the funda-

* Presented to the Society, December 30, 1936; received by the editors September 14, 1937.

t Sterling Research Fellow.

1 See J. von Neumann: (1) Proceedings of the National Academy of Sciences, vol. 22 (1936),
pp. 92-100, 101-108; (2) Lectures on Continuous Geometry, planographed, Institute for Advanced
Study, Princeton, N. J., 1935-1937; (3) Continuous Geometry, American Mathematical Society Col-
loquium Lectures, to appear in book form. (2) will be referred to as C.G. The writer wishes to ex-
press his thanks to Professor von Neumann for many discussions of his new geometries.

§ See G. Birkhoff, Annals of Mathematics, vol. 36 (1935), pp. 743-748.
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mental theorem that a, & equidimensional and b, ¢ equidimensional together
imply a, ¢ equidimensional; in other words, that the relation of perspectivity
is transitive.

The transitivity of perspectivity has been established by von Neumann
for reducible as well as irreducible systems* but partly by indirect methods
which require the full force of the completeness and continuity axioms. Now
while these axioms are indeed necessary for the existence of the dimension
function (in irreducible systems), weaker ones will secure the transitivity of
perspectivity (in reducible as well as irreducible systems), in fact, just those
parts of von Neumann’s axioms which involve at most countable sets of ele-
ments.t

The present paper is devoted chiefly to a proof of the transitivity of per-
spectivity which uses direct methods throughout and holds for all systems
satisfying these weaker axioms. The paper is divided into six sections. The
weakened set of axioms to be used is formulated in §1. We require parts of
C.G., part I, usually in very specialized form, and for convenience these are
collected (briefly) in §§2, 3, 4. The new material in the proof of the transi-
tivity of perspectivity is contained in §5. The additivity and continuity prop-
erties of perspectivity are established in §6. The Lemma 5.1 in §5 may
perhaps be not without some interest of its own.

1. The partially ordered system. We shall consider a system L of ele-
mentsa, b, ¢, - - - ,x,y,%4,9, - - - ,A,B, - - - which is partially ordered, that
is, we shall assume that a relation ¢ <b (written equivalently b= a) holds for
certain pairs of elements of L in such a way that

(i) @=b,b=ctogether imply a=<c, and

(ii) a=b, b<a are together equivalent to a=>.

The following axioms are postulated:

AxioM I. COUNTABLE COMPLETENESS. For every finite or countably infinite

setl of elements ay, as, - - - there exist the following elements:

.. a sum element a (written Y na, or equivalently a;+as~+ - - - ) such that
for any x of L, x=a if and only if x=a, for every n,

L. an intersection element a (written | [ .a. or equivalently aras - - - ) such

that for any x of L, x < a if and only if x<a, for every n.

* For the general case see C.G., part III, p. 22, Theorem 2.3; the special (irreducible) case is also
a consequence of the theorems of C.G., part I (see C.G., part I, p. 49, corollary to Theorem 5.16).

1 That the “countable” axioms are really weaker than the original axioms of von Neumann can
be shown by a simple example which satisfies the “countable” axioms but which has no zero, and
hence is not complete.

1 All sets considered in this paper will be non-void. Thus Axiom I does not imply the existence of
a zero or of a unit element.
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AxioM II. COUNTABLE CONTINUITY. Let a,, @z, - - - be any countably in-
finite sequence, and let ¢ be an arbitrary element of L. Then

1II1,. (Znan)c =Zp{ (Zg- 1(1,.)6} )
IT,. (H,.an) +c =Hp{ (I_I:- 1@n) +C} .

Axioum ITII. MopULARITY. For all a, b, ¢,
(e + b)c = {a+ (a + )b},
or what is equivalent, a <c implies (a+b)c=a-+bc.

AxioM IV. COMPLEMENTATION. For any three a, b, ¢ such that a b <c there
exists an element d such that b+d =c, bd =a.

2. Independent sets of elements. We make the following definition:

DEFINITION 2.1. 4 finite (= 2) or countably infinite set of elements ai, as, - - -
is independent (written (a,,n=1,2, - - - ) L) if for every two mutually exclusive
subsets a;,, ai,, + -+ and a;, a;,, - - -

(Z%)(%:a;.. = InIa,..

n

The a, are said to be independent over 0 if all such (O _na:) (O na;,) equal 6.*

LeMMA 2.1. If the a, are independent over 0, then 0=]].a. and (a.,
n=1,2,---) L.

Proof. Since [[,a.=a:1(I], .,a.), the lemma follows from Definition 2.1.

LEMMA 2.2. If ay, as, - - - are independent over 0, them every subset
@iy, Qiyy - - - 1S independent over 0.

Proof. The lemma follows directly from Definition 2.1 and Lemma 2.1.

LEMMA 2.3. If a1, as, - - - are independent over 0 and if (a;,,r=1, - - - ) are
mutually exclusive subsets for i=1,2, - - - then ) ,a;,i=1,2, - - - , are inde-
pendent over 0.

Proof. The lemma follows immediately from Definition 2.1.

LEMMA 2.4. If 0, a4, as, - - - are such that for every two finite and mutually
exclusive subsets a;,, - - - , a;,and a;,, - - -, @j,

P g
(Z‘hﬁ)(Zaiﬂ) =0,
n=1 n=1
then the a, are independent over 6.

* If 6 is a zero element of L, that is, if =6 holds for every a in L, then our independence over 8
is precisely the notion of independence as used in C.G., part I, chap. 2.
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Proof. Let a;,, (=1, - - - ), and aj,, (n=1), - - -, be any two mutually
exclusive subsets of ay, a5, - - - . Then

(2 o) (Zos) = (2 e{Z(Ees)}

and the lemma follows from Definition 2.1.

COROLLARY. A countably infinite set of elements is independent over 0 if
and only if every finite (=2) subset is independent over 6.

Proof. The corollary follows immediately from Lemmas 2.2 and 2.4.

LEMMA 2.5. Let 0, a4, as, - - - satisfy a,=0 for everyn. Let ry, 72, - -+ , ¥m
be distinct integers, and let S be any set of integers not containing tn.. If
a,mz,,#,ma,. =0, then

(£)(2e)-(E)(5)
Proof.
Bt en)( 20)(Z2)

(£)(Z)-
(B Z)H(E)
(Bt (3)-(Be)(22):

LEMMA 2.6. If 8, a1, a3, - - - are such that a.1(a1+ - - - +a,) =0 for every
n=1,2, ..., then the a, are independent over 6.

which proves the lemma.

Proof. By Lemma 2.4 we need only show that

(£)(E) -



1938] CONTINUOUS GEOMETRIES 541

for all finite p, ¢ and different 7y, - - -, 4,; 71, - - -, J,; and this follows from
a finite number of applications of Lemma 2.5.
COROLLARY. If 0, ¢, a1, as, - - - are such that
(@1t -+ Cayp+ ) =8
forall n=1, p=1, then the c, a, are independent over 0.

Proof. By Lemma 2.6, ¢, @nyp, @nip-i, - - * , @s are indépendent over 6 for
alln =1, p20. Therefore, by the corollary to Lemma 2.4, ¢, a;, az, - - - arein-
dependent over 6.

LeMMA 2.7. Let ay, as, - - - be independent over 0. If Sy, Sy, - - - are arbi-
trary subsets of the integers 1,2, - - - and S is the set of the integers common to
all S., then

(Se) = Son

¢ neSg neS
Proof. Let T'=(a,,, @+, - - - ) be the set of the integers not in S. Then

I(Za) = ( Zont Sau) I Sn)

¢ neSe neS nel t neSe

Za,.-l-(za,.)l:I Za,.)

neS nel neSt

X o + Z{( > a,,) II( )> a)}

neS m t==1 t neS;
= Zan‘l' Z(O) = Zan
neS m neS

(by repeated use of Lemma 2.5) as required.

LEmMMA 2.8. If a., (n=1,2, - - -), are independent over 0 and 0 <u,<a,
for n=1,- - pandif 0Zv.Zan.forn=1, - - q,then
P q min(p,q)
( > u,,) ( > 1),.) = D (that).
n=1 n=1 n=l
Proof.

(1 + ug) (01 + v2) = (w1 + ua) (w1 + a2)(a191 + v2)
= (u1 + us) {‘02 + via:(u; + 02)}
= (w1 + ug) {v2 + 11 + 6102)} = (w1 + 2)(v2 + viez)
= - = (41 + u2) (w101 + Ugvs) = w101 + s,

Thus the lemma holds for p =¢=2. But if the lemma holds for all p=g<m,
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then it holds for p =¢=m too. For
m m m—1 m—1 m
( E uu) ( Zvn) = ( Z un) ( Z 7’») + Unlm = Z (“nvn),
n=l nm=l Nl n=l n=l

since 0D mttn, D mitv, <> la,; 0 Up, Vm=am; and ) m-la,, an are in-
dependent over 6. Thus the lemma holds for all p=gq. If p<gq, say p<g, we
can set #, =0 for p <n =¢ and apply the result just proved for p=g.

LEMMA 2.9. If a1, as, - - - are independent over 0 and 0 <u,, v.=<a.; for
n=1,2 ... then

( > u,.) ( Zvn') = D (Ualn).

(Zw) () = {Z(E{2(Zw)
o))

> (m“f” (s )

I
-
M
VN
i

B
N—"
—~

I
™

= Z (%n0n)
(by Lemma 2.8) as required.
LeEMMA 2.10. Let a, as, - - - be independent over 0. If a;=ai;j=0 for all
i, 7, and if the elements a.;, j=1, - - - , are independent over 0 (whenever there
are at least two elements in the set) for every i=1,2, - - - | then the set of all
aij, (5, 7=1, - - -), is independent over 0.
Proof. If a;,;, (r=1, - - -),and ax,,, (s=1, - - - ), are mutually exclusive

subsets of the a;;, then

(Zews) (T ) = {3 (T ) {E(T )
- 2{(5 o) (3 )

(by Lemma 2.9), which proves the lemma.
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LeMMA 2.11. If 0<a, and if a,, a. are defined for n=1,2, - - - in such a
way that

—_ ! [
1 = a, + a, ’ Anln = 0’

forn=1,2,- - then (I],a,), a, (n=1,2, - - -), are independent over 6 and
Qo =Znan, +Hrar-

Proof.

ad (an'+1 + a'n,+2 + -4+ an’+p + Har
r

= a,(a,.(a,.’+1+a,{+z+ R +a,.’+p+Har) =0
T

for all n, p. Hence (I].a.), a/, af, - - - are independent over 8 by the corol-
lary to Lemma 2.6. Furthermore

a=af +ar=0f +a +ta=---

r 0
=>al +a =2 al +.a,

n=1 n=1

forr=1,2, - - - . Hence

a = H(Zan’ + ar) = > al + ] as
r n=1 ne=1 ra=1

and the lemma is proved.

3. Perspectivities and perspective mappings. We make the following defi-
nition:

DEFINITION 3.1. a, b are perspective (written a~b) if there exists an ele-
ment ¢ such that

(i) a+c=b+c,

(i) ac=bc.

Then c is called the axis of the perspectivity.

LemMA 3.1. If a, b are perspective and 0 < ab, then there exists an element d
such that
(i) e+d=b+d=a+b, and
(i) ad=0bd=6.
Proof. Let ¢ be an axis of perspectivity for a¢ and b. Since 6=ab
=< {c(a+b)+ab}, Axiom IV secures the existence of an element d such that

d+ ab=c(a+b) + ab, dab = 6.
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For this d we have
at+d=a+cla+bd) t+ab=(+c)(a+d) =a+b.
Similarly b+d=a+b, and (i) holds.
ad = ad{c(a + b) + ab} = d{ab + ac(a + b)}

= dab

=9,
since ac(a+b) =ac <ab. Similarly bd =0, and (ii) holds. Thus d satisfies the
requirements of the lemma.

DEFINITION 3.2. The sublattice of the x satisfying x <a is denoted by L(a).
If a<b, the suplattice of the x satisfying a <x <b is denoted by L(a, b).*

LeMMA 3.2. If a, b are perspective with axis ¢ and 8§ =ac="bc, then a (1, 1)
correspondence between the elements of L(0, a) and those of L(6, b) which pre-
serves the relation < is defined by the inverse mappings

(P) a1—b1= (a1+ o)
@ bi—a= (br+ ca.
Proof. If 6 <x < a then under (P) x—(x+¢)b, and under (Q)
(x+ )b — {(x + )b + cla = (x4 o)(b+ c)a
= {c+x(b+c)}a =ca+ x(b+ ¢)
= x(a + ¢) = «.
Hence (Q) is inverse to (P). Similarly (P) is inverse to (Q). It follows that the

correspondence is (1, 1). The invariance of the relation =< is clear from the
definition of (P) and (Q).

DEFINITION 3.3. The mappings of Lemma 3.2 are called perspective map-
pings.

LeEMmMA 3.3. If ay corresponds to by under a perspective mapping, then a,~b,.

Proof. Suppose a, corresponds to b, under a perspective mapping of L(6, a)
on L(8, b) with axis ¢. Then a, is perspective to b, with axis c, for

ait+c=0Bi+ca+c=(br+c)a+0)
=G+ )b+c)=b+c,
aic = a(by + ¢)c = ac = bc = b(a1 + ¢)¢ = by,

and conditions (i) and (ii) therefore hold.

* The Axioms I, II, III, IV hold in L(¢) and in L(a, b). L(a) has a unit (greatest) element,
namely @, and L(a, b) has a unit element b and a zero (smallest) element a.
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LemMA 3.4. If P; is a perspective mapping of L(0, a;) on L(0, b;) for
i=1, . -, p, where a;.a="b; for i=1, - - - | p—1, then the product mapping of
the P;is a (1, 1) mapping of L(0, a1) on L(8, b,) which preserves the relation <.

Proof. The lemma follows immediately from Definition 3.3.
DEFINITION 3.4. The mapping of Lemma 3.4 is called a projective mapping.

4. Transitivity of perspectivity in special cases. We prove the following
lemma:

LEMMA 4.1. a~b, b~c, (a, b, c) L together imply a~c.
Proof. By Lemma 3.1 x, y exist such that
at+x=b+x=a+0b, b+y=c+y=b+c,
ax = bx =0, by =cy=29,

where § = abc.
Then ¢ is perspective to ¢ with axis d=(a+c¢)(x+y). For

atd=a+(@t+o@+y)=(@+dl+xs+y

=(at+c)e+bdb+y)=(@+c)a+b+c)=a+c.

Similarly c¢4+d=a+c¢. Thus a+d=c+d, and (i) holds. Also
ad =a(a+c)(x+y) = alx + 3) = ala+ b)(x + )

=af{z+ @+ byb+ )} =alx+06} =0.

Similarly ¢cd =6. Thus ad =c¢d, and (ii) holds.
LEMMA 4.2. ap~b,, for n=1,2,-- - and (an+bs, n=1,2,---) L fo-

gether imply D@~ nbo.

Proof. By Lemma 3.1 we may assume the existence of elements x, such
that

an+xn=bn+xn=an+bim
Ap%n = bpx, = 0,

where 8 =]].(a.b,). Then Y ,a,, > b, are perspective with axis Y ,x,, for the
relations

Ean'l' an=2(au+xn)

n

= E(bn'l'xn): an'!' Exn,

give property (i); and
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( ; a,.) ( ; x,.) = ? (anxa)
Bow= (£9)(59)

(by Lemma 2.9) gives property (ii).
LemMA 4.3. If an infinite independent sequence of elements a, a,, - - - sat-
iSfY Gu~nya, for n=0,1, - - - then ao=][aaa.

Proof. From Lemmas 2.2 and 4.1, ao~a, for all ». By Lemma 3.1 we may
therefore assume the existence of elements x,, (=1, 2, - - - ), such that

@+ %n = @n + Xn = o + aa,

QXn = Qp%n = 0,
where 0 =]].a.. We deduce successively

a = a, + %, n=1,2---,

wz(S0)+(5m)

I{(Ze)+ (52)) - {0(Z) +(5)
g Xn
by Lemma 2.7. Hence

ay = aof: Xn = ao(zp: ix,.) = Z(aoi x,.) =4,

IIA

ao

ne=l ne=l P n=l
if only @) _2_,x.=0for p=1,2, - - - . Now for any fixed p,
P p—1 »—1 .
a0, %, = do{ > %+ (ao + > xn>xp} ,
na=1 n=1 n=1

and, since

p—1 p—1 p—1
%p (ao + Z x,) = x,(a0 + ap) (ao + E a,.) (ao + Z x,.) = x,a0 =0,
ne=1

Nl no=l
therefore
P p—1
G0 % = Qo ), %n.
=1 ne=l

A finite number of such reductions gives
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Y4
aoz Xn = Gox1 = 0,

na=l
as required, and the lemma is proved.
LEMMA 4.4. a~x, x~a,, ax < a1 =a logether imply a;=a.
Proof. Let ax =a,x =0. Since 0 <a, <a, Axiom IV secures the existence of
an element a/ such that

a+af =a, ae! = 0.

By Lemmas 3.1 and 3.2 there exist perspective mappings T of L(6, a) on
L9, x) and T, of L(6, x) on L(6, a,). Define by induction on #»

Xn = Tl(an), Xn = Tl(an’), Anp1 = Tz(xn), an'+1 = T2(xn’)o
Then Lemma 2.11, the relation ex=6, and Lemma 2.10, give (a., x.,
n=1,2,---) 1. Lemma 2.2 then gives (a{, %/, ahs1) L, and Lemmas 3.3
and 4.1 give @, ~aly, for n=1, 2, - - -. Lemma 2.2 shows that (a,,

n=1, 2,---)L1; hence by Lemma 4.3 a/ =]].a’ =6. Thus a,=a,+0
=a,+a/ =a; and the lemma is proved.

DEFINITION 4.1. If 0 has been defined, we sometimes write

Z ($ xn)

(or the equivalent x,@x:® - - - ) in place of D_n%n (or x1+22+ - - - ), provided
the x. are independent over 6. If 0 <u=<v, then [v—u] will denote an element
(fixed) such that u® [v—u]=v. (Such an element exists by Axiom IV.)

LeEMMA 4.5. a~zx, x~b, ab = x together imply a~b.

Proof. (o) Consider the special case where ab=bx=ax and x<a-+b. Let
bi="0b(a+x). Then b, is perspective to x with axis a, for

ht+e=bleat+x)+a=0+a)a+x)=2x++a,
hence relation (i) holds; and

bia = b(e + x)a = ba = zxa,

hence (ii) holds.

Since b~z and bix=b(a+x)x=bx, bx<b,<b; and Lemma 4.4 gives b, =b.
Hence b <a+x. Similarly ¢ b+ «. It follows that a is perspective to b with
axis x, for
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atzx=a+x+b=0+x;

hence relation (i) holds, and ax =bx (by the special hypotheses of («)) hence
relation (ii) holds. This proves Lemma 4.5 in the special case (a).

(B) Suppose now only that ab=>bx=ax (equal, say 6). Let Ty, T be per-
spective mappings of L(6, ) on L(6, ¢) and on L(6, b), respectively. Set ap=a,
%o=x, bo=">, and define a,, a.’, %a, 2., bs, b, forn=1,2, - - - | by induction
on 7 as follows:

%n = %pn_1(@n-1 + bn_1), an = T1(x,), ba = Ta(x.),
%d = [#n1 — %a], ad = Ti(xl), bd = Ta(xd).

If we set =] .an; =] on, 6 =] [0, then Lemma 2.11, the relation ab =9,
and Lemma 2.3 give a=a+) .a), b=b+2 .b’; and a+5, a.+b./,

(n=1,2, - - ), areindependent over 6. Lemma 3.3 shows that a.’ ~x. and
%+ ~b, . Since a4 b, =0 and x./ (a./ +b,/) =0, Lemmas 2.6 and 4.1 show that
as ~b,,forn=1,2, - - - . Now Lemma 4.2 shows that a~b if only a~38.

@, %, b satisfy the hypotheses of Lemma 4.5 and the special conditions
of (@), for a=Ty(%), b=T(z) imply a~%, #~b; a%=daxz=0, bx=>bbxz=0,
ab=aabb=0; and, since %, < a,_1+b,_; for all =,

iéH(an+bn)=HH<ﬁlan+fIlb,.>
=Jla.+]l0n=a+5

by two applications of Axiom II,. Hence a~¥%; and Lemma 4.5 is proved for
the special case (B).
(v) Suppose now only ab=bx (equal, say ). Let Ti, T. be perspective
mappings of L(6, a) on L(6, x) and of L(6, x) on L(8, b), respectively. Set
a = ax, x1 = Ti(a1) = a1, by = Ta(x1),
as = [a — ax], %2 = Ti(as), by = To(x2).

Then ¢=0a,®a:, x=2,Dx2, b=0,Db.. By Lemma 3.3, a; =x,~b;. Since the
hypotheses of Lemma 4.5 and the special conditions of (8) are clearly satis-
fied by as, %3, by, a2~b.. Lemma 4.2 now gives a~b, and Lemma 4.5 is estab-
lished for the special case (v).

(8) Suppose finally only the hypotheses of Lemma 4.5. The method by
which (y) was deduced from (B) can be applied in the same way to deduce (8)
from (). Thus Lemma 4.5 is proved.

CoOROLLARY. If T, T, are perspective mappings of L(6, a) on L(0, x), and of

L(8, x) on L(0, b), respectively, and if T2T1 maps a, on by, then a,by=0 implies
a1~b1.
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Proof. Set x,=T1(a,). Lemmas 3.3 and 4.5 applied to a;, x1, b1, give the
desired result.
5. Transitivity of perspectivity. We prove the following lemma:

LEMMA 5.1. If a1 = a:= - - - and c are given, and if 0 =]].(a.c), then there
exist decompositions

a, = ¢ ® a,,

forn=1,2, .- suchthataf Zad = - - -.
Proof. Let I,=[a,—(anc+an41)], for n=1, 2, - - -, and let a=]].an,
I=[a—ac)]. Then
a1 =1, ® (aic + as),
az = I: ® (asc + as),

.........

.........

and clearly cI=clac=0, cI,=cl.(a.c+a.41) =0, I, 1 <a.41=<a., for all r21,
k=0.

We can now prove that a,=a,c®I®Y . I, forr=1,2, - - - . In the first
place, a.c, I, I, (n=r,r+1, - - - ) are independent over 6 by the corollary
to Lemma 2.6 since a.cI =6; and for all p>n>7,

I" <a,c + I + i Im) = nan(arc + an+1) (a"c + I + i I"‘)

m=n+1 m=n+1

= In(a'uc + an+1) <d,-6 + I + Zp: Im)

m=n+1

=40.
Secondly,
ac+ I+ L=act+ [lan+ 21

n=r n=r

= H ar5+am+ZIn>

m=r

0 m—1
H(a,c + am + Z In>.

My n=r

Nowifmz=r,
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m—1 m—2
ac+ am + ZI,.=a,c+a,,._1c+a,,.+I,,._1+ZI,.

m—2

=0+ oma+ 2 Lu=---

= a,c + a, = a,.

Thus ¢,c®I1®Y o I.=]]nm.,(a.) =a, as required. It is now clear that if we set
ol =101,

we will obtain the decompositions required by the lemma.
COROLLARY. In Lemma 5.1, I, I, (n=1,2, - - - ), are independent over 0.
Proof. This is immediate from the proof of Lemma 5.1.
THEOREM 5.1. TRANSITIVITY OF PERSPECTIVITY. a~x, x~b fogether im-
ply a~b.

Proof. (I) Let 0 =abx, and let T1, T be perspective mappings of L(6, a)
on L(8, ) and of L(6, x) on L(8, b), respectively. Let T'=T,T, be the product
mapping of L(6, ) on L(0, b), and let T-! be the inverse mapping to T. We
shall use the notation a,—b,, or the equivalent b, =T'(a,), to denote that b, is
the map of g, under T.

(IT) Let c=ab, and let ao= [a—c], where a, is restricted to satisfy a cer-

~tain condition which will be stated precisely later (see (III) below). Set
b= (T(do))c, b],’ = [T(do) '—'b1], G = T—I(bl), af = T_l(bl'). Then

a= a9 D c,
a =00 af, a1 — b = ¢, af —bf, (bic=06).
Since 0<b<a, T(b) is defined. Let {T(b)}c=bs, by =[T(b1) —b2], bre
=T-1(bs), as=T"(bra), b1, =T-1(d¢), af =T-1(bl,). Then
a1 = a2 ® as, @y —>bia— by = c, aé—»big—abé, (b;c=0).

Similarly, obtain the table

3 = a1 a1, a1—b =, a1 — b1, (b1c = 6),

a1 = a; ® as, a—>biz— by =S¢, ag — b1z — b, (bsc = 6),

......................... ,
On1 = 0o ® Gn, G biz.cn > by Dby S,

Gn—>big...n— bag..n— - - —> bn, (buc = 0),

...........................
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We can now prove the following statements:

(@) JIn-100=6 and ao=3_7_,(®a).

B) @, bi2...n, b23eun, - - -, b are independent over 0, for n=1,2, - - -.

(v) If we set dn=a,’ +bis...a+bss...at - - - +b, then dy, ds, - - - are in-
dependent over 0.

(8) All the primed elements al, af, - - -, b, bls, - - - are independent
over 0.

Proof of (). Let [[s¢.=d. Then T*(@) =TT - - - T(a) (nfactors T) is de-
fined for n=1, 2, - - - ; and T'(@), T%(@a), - - - are independent over 6 by the
corollary to Lemma 2.6 since

{T"(d)} {Tu+l(d) +---+ Tn+?(d)}

has a 7-* map which is <ab=awb=a,c=0, for all n, p=1. Since T(a)
~T7+1(@) by Lemma 3.3, Lemma 4.3 shows that a=0. The statement (a)
now follows from Lemma 2.11.

Proof of (8).

’ ! ! ’
brersty - - a(Briy ety o on + Drany 8y con + 200+ bn) =0

since it has a 7-" map which is <a.b=0. The statement (8) now follows from
the corollary to Lemma 2.6.
Pl’OOf Of (’Y). 0 édn(d”.u +dn+2+ L +dn+p)

G+ Bigee oy 0 0 0 A b
S @Gt neemt o bty | T bt b

+a:t+p+b’ls---(n+9)+ e +bn+r

A
bz oy + ¢ A bapa
’, ’ ’ ’ ’ b, coe(n . b,,.
=aﬂ(an+l+an+2+"'+an+p)+(b12~-n+"'+bn) Fhu-eoin + F bres

+b12~~(n+p)+ e -I-b,:,,,,

a:l+l + b’u. oo (n41) + -4 b,n('H-l)
mia+ bz o+ b
I U + tnps + b2y + + berinyinin
+ a,"“,-‘l- bl’g. R b2n+p—l)(’l+ﬂ)
<... STrH(9) = 0.

The statement (y) now follows from the corollary to Lemma. 2.6.
Proof of (5). The statement (8) follows from (8) and (y) by Lemma 2.10.
(TII) By the corollary to Lemma 4.5 a,/ ~biz...n, Di2...a~Dis...n, = -+,
b(a-1ya~b. . Since a,/, biz...n, - - - , b are independent, repeated application
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of Lemma 4.1 shows that a,/ ~b, forn=1,2, - - - . Now set

A4 = Z (& a'/‘) 8] Z (® by'(,-+1)...,),

n=1 r8
B=2(®b) ® 2 (® bloin0).
n=1 s

By Lemma 4.2, A ~B. Furthermore 7'(4) =B.

Now suppose that a, was chosen (in (IT) above) in such a way that, the b,/
having been defined as above, we should have (3_,_ 5.’ )c =0 (that such an a,
exists will be shown in (V) below). Setting

g = [c — E (& b:(,q.n...,):l

rets

we have Bg=Bgc=g D xs(®b; 41 ...) =0, and we can define
h=[6— (B®g)]l.

Then we clearly have

c = Z (@ b:(r+1)-~a) & g,

r#8
a=40g,
b=B®g®h.

By Lemma 4.2, a~b if only 2=4.
(IV) We proceed to show that 2=0. Let g’ =T-(g+#%). Since

AQg=a=T'0)=TBOgOh =40¢,

it follows that there exists a perspective mapping S of L(f, g’) on L(8, g)-
Now set ko =% and define %,/ , k., for n=1,2, - - - | by induction on # as fol-
lows:

hi = T (ha), ho = S(ka).
Then ko, kb, - - - are independent over 6 by the corollary to Lemma 2.6 since
haChagr -+ A hagy) = ST k(s + - - - + by)}
= ST {hg(h + - - - + hy)}
= (ST-Y)"(6) = 6.

Since kn_1~h, , hi ~h,, and k. 1k, =0=<h, , Lemma 4.5 shows that &, 1~h.,.
Now Lemma 4.3 gives k& = ko =0 as required.
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(V) To complete the proof of Theorem 5.1 we need only show that the
ao=[a—ab] = [a—c] defined in (II) above could be chosen in such a way that
¢ - 1bs =0 will hold in (III) above. We first note that if we set

v = T7Yc), va = T~ (vic), - * , Vnp1 = TN (vac), - - -,
then it is sufficient to choose @, so that a =a,®c and
va¢ = (va + ao)c,
for u=1, 2, - - - . For if a, is so chosen, then
0 = bl + b1+ ba+ - +b)
T{baein(T7He) + ai 4+ ba + - - + bta1ya) }

’
’

A

n(n+1)6(7)1 + a0 + biz + -+ bZn—l)n)}
wni(c(or + ao) + b1z 4 - - - + bén—l)n)}

T{b
=T{b
T{bn(n+1)(1)16 + b+ + b:n—l)n)}

T2{btatynniny(®2 + @0 + bizs + -+ - + bla—2)niyn) }
T2{b;n—l)n(n+l)(v26 + bizs + -+ bén—Z)(n—l)n)}
e = Tn(bl,2-u(n+l)vnc) = bn,+10 =0;

IAIATIA

hence
for n=1,2,- ... By Lemma 2.6, ¢, b/, b/, - - - are independent over 0;
hence ¢)_n. b,/ =0 as required.
Thus we have only to construct an @, such that
a=ag D¢, v.¢= (va—+ ao)c,

forn=1,2, - - - . Apply Lemma 5.1 to»,=2,= - - - and ¢, and obtain I, I,,
n=1,2, - -, as in the proof of Lemma 5.1. Then 2,=2,c®I® Y o_,In.
Let #=[a— (»:+¢)]. Then

u(i -+ ZI,,,) = uv.(I + ilm) =9,

m=1 m=1
and we can set

=102 (dI,) & u.
m=1
This a, satisfies our requirements, for

swtc=c+ I+ Xl +u=c+vn+u=a,

m=1
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o0
aoc = as(mi+c)e=(I+ X I,,.)c
Maml

=(I+ EI,,.)vlc = 9.
Ml

Hence ao®c=a. And
(v + ao)c = (v,.c+I+ D In+ u)c
Meml
= (va¢ + ag)c

= Uy + o€ = Va¢c + 0 = vuc.

This completes the proof of Theorem 5.1.
6. Additivity and continuity properties of perspectivity. We prove the fol-
lowing lemma:

LemMA 6.1. If 0 is defined and if
a=a®a =06®a,
then a,~as implies a ~ay .

Proof. The perspectivity a;~a; implies, by Lemma 3.1, the existence of
an x for which
o+ x=a+ %= a1+ as,
aGx = ax = 0.

Let ¢=[a—(a1+a5)]. Then a{ is perspective to (x+c¢) with axis a,, for we
have the relation

af +ai=a=c+ (a1+a3) =c+ (a1 + %)
==+ +a,
hence relation (i) holds; and
afa1 =0 = xa, = (x + a1 = {x + (a1 + as)c}au
= {x+ (a1 + 2)c}a = (2 + ),

hence relation (ii) holds.
Similarly a4 is perspective to (x+c). Theorem 5.1 then proves that
a/ ~aJ asrequired.

LeMMA 6.2. If 0 is defined, and if
a=al®al’, b=b1@b1',
then a~b, a;~b, together imply a) ~b, .



1938] CONTINUOUS GEOMETRIES 555

Proof. Let T be a perspective mapping of L(8, @) on L(6, b), and let
u=T(a,), v=T(a/); then a,~wu, a/ ~v, and b=uDv. Since a,~b,;, Theorem
5.1 gives u~b, and Lemma 6.1 gives »~b/ . Since a/ ~v and v~b, , Thecrem
5.1 gives af ~b/.

LEMMA 6.3. a1~b1, aszz, a1a2 =b1b2 together imply (a1+az)~(b1+b2).

Proof. Let 0 =a,as=b1by, d=a1+as+b1+be, and define o’ = [d— (a:Da2) ],
b’ =[d—(b:®by)]. Then

(@ ®a) Day=d= (b & b)) ® b

By Lemma 6.1, (a’@®as)~(b'@®bs); hence by Lemma 6.2 a’~b’. Since
o' ®(a:1Das) =b"® (b ®b;) Lemma 6.1 proves (a;+as)~(b1+0b2) as required.

LeEMMA 6.4. If 0 is defined, and if a1, - - -, ap and by, - - -, b, are two sets
of elements, each independent over 0, with a,~b, for r=1, - -, p, where

p=1,2 - then
(g(e a,)>~<g1 (@ b,)>.

Proof. Suppose thelemma established for p =# forsome fixedn=1,2, - - -,
Then

(@1® @a)~01® - D ba), Qg1 ~ bnt1

imply, by Lemma 6.3, (a1+ - - - +an+8np1) ~(b1+ - - - +bu+b,y1); and the
lemma will hold for p=#+1. Since the lemma is trivially true for p=1, it
holds, by induction, for all p=1,2, - - -.

We now define a relation a « b as follows:

DEFINITION 6.1. @ < b if a~b, for some b, <b.

LemMmA 6.5. (I) a <b implies a < b.
(IT1) a=b, bxc together imply a =c.

(III) a xb, bxc together imply a xc.
(IV) axb, bxa together imply a~b.

Proof. (I) follows from a~a.

(IT): Let =ac, and let T be a perspective mapping of L(6, b) on
L(6, ¢). Then T(a) is defined, a~T(a), and T(a) <c. Hence a xc.

(IIT): a < b means a~b, for some b;<b. Since bxc, (II) gives bi~c:
for some ¢; <c¢. Theorem 5.1 then gives a~c;. Hence ¢ « ¢ as required.

(IV): @ «b means a~b, for some b;<b. If bxa, then b~a, for some
a1 = a, and b;~a, for some @, < ay, by (II). Then, by Theorem 5.1, a~a,; and,
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since a; < ¢, Lemma 4.4 implies a; =ga. Since @2 < a, < ¢, we have a = ¢,~b; that
is a~b as required.

LEMMA 6.6. If c xa and d =ca, there exists an element a, withd<a,=<a and
c~a,.

Proof. ¢ x @ means c~a, for some as < a. Let 0 = a.d; then 0 < ca,, and there
exists, by Lemmas 3.1 and 3.2, a perspective mapping T of L(8, ¢) on L(8, a»).
Define ¢’ = [c—d] and ¢’ =T(c"); then ¢’ <a;<a,c'd=0,c'~¢',and {'d =’ a,d
=60. By Lemma 6.3,

c=(@®d~(E DA = a,
and a,=¢’ @d satisfies all the requirements of the lemma.
LEMMA 6.7. If 0 is defined and if a® a1 = a’ @as, then a~a’ implies as x a;.

Proof. Let v=[(a¢®a,) —(a’ Das)]. Then a®a,=a’ Da;®v, and Lemma
6.1 implies a,~(a: @) ; thus a; x ¢, as required.

LeEMMA 6.8. If 0 is defined and if a @ as x a®ay, then as < a;.

Proof. By Lemma 6.6 (with the 0 of the present lemma in the place of
the d of Lemma 6.6) (a ®a;) ~u, where § < < (a+a,). Let T be a perspective
mapping of L(8, a+as) on L(f, ), and let a=T(a) and d:=T(as); then
a®a,2dPa, and a~ad. By Lemma 6.7, a; x a;, and since dx~az, Lemma 6.5
(III) implies as < a,, which proves the lemma.

LeMMA 6.9. If 0 is defined, and if

UuDud- - By, xa,

where u<a and (n® - - - vy)a=0, (p=1,2, - ), then there exist elements
o, -0y withv~v!  (r=1,- -, p),u,v1, - ,0,0, - -0, independ-
ent over 0, and u®v! ® - - - ®v,) Za.

Proof. Define a;= [a—u]; then
a=u®a,u® 0@ - D) xuda,

and Lemma 6.8 implies (1:® - - - ®v,) « a;. Thus there exists, by Lemma 6.6,
a perspective mapping T of L(6, (m® - - - ®v,)) on L(, a;) for some a,
satisfying 6<a:<a,. Let v/ =T(v,) for r=1,---, p. Then v,~v/, for
r=1,---,p; 22.(®v)<ae<a;=a;andv/, (r=1, - - -, p),areindepend-
ent over 6. Since

(i @ v,')) (u ® 2 (@ «u,)) - (};1 (@ vl))ala(u ® E @ v,)>

r=1
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U, V1, c c -, Vp, ¥, -, v, are independent over § by Lemma 2.10. Thus
o/, - -+, v, satisfy all the requirements of the lemma.

LEMMA 6.10. Let a1 =a2= - - - be an infinite set of elements, and let ¢ sat-
isfy 0<c=<a,, where 0=]].a.. Suppose further that c xa, for n=1,2, -+ - .
Then there exists an element ¢’ < a, such that c~c’, cc’' =0, and (c®c’) < a, for

n=1,2, .

Proof. Define ¢;= [ca;—ca.y1] for t=1, 2, - - - ; then ca,=ca;1Dc:, and

c=ca = i (B®c) ® ﬁ(caz)

=i(66¢)+0= i(@c;).
t=1 t=1

Suppose that ¢,,.. .-, have been defined, forall 1 =7 <7< - - - <7, <t< 0>
with 1 <7, <p for some fixed p=1, 2, - - - (n taking all values possible), in
such a way that the following conditions are satisfied:

(@p €y 8=1,2,« « « 5 Cripgerorpty 1 =N <re< - - - <r,<{, forr, <p, are in--
dependent over 0,

(8), If we set

o
611‘172' cern =& z (® crlrg- . -rnt) ’

t=rn+1
then
’ ’
Crirge s rnt = [6'172 coern@t T Cryrg. . .,,,a,.,.l] y
and
’
Crirgevorn ~ Crprgenerny, 1S << - < rn<<t< o, r,<p.
0 0
» c~ Z (®c) o Z (& Criry- - rat)

t=p tmp
where in the last summation 7y, 75, - - - , 7, take on all possible values with
r.<p.

Then ¢ x @41, and

c~< i (®c)® i (® cr.r,...n.z))

t=p+1 t=p+1,ra<p

® (c,, oY (o c>)

< p
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and Lemma 6.9 secures the existence of elements ¢, ¢/, rapy (1S71<12

< - - <ru<p),suchthat 0=c, Sap41, 0=Crryeerpp S Apt1y Co~Cp 5 Criry- - rap
NC"I'!""»P) and Cty (t'_"l; 2) tee ); Crirg- - raty (1§7‘1<fz< s < <t< o,
70 <D),Co yCrirse - oramy (1 S1<13< - - - <r,<p),areindependent over §. Hence

if we define cpe=[c, ar—cy @rr1] and Gy, orppt=[Criry- - rap@t—Crary- - -rap@is1),
then ()41, (8)p+1, and (y),41 will be satisfied. Since («)1, (8)1, and (v):
are trivially satisfied, it follows that we can define the c,,,...r,:, (for all

1Sn<n< - - <r,<t< ), so that (a),, (8),, and (v), are satisfied for all
p=1,2,---.Then ¢, ¢, - - -, ¢, ¢/, - - - are independent over 8, and
ca~c,! form=1,2, - - - . Lemmas 2.3 and 4.2 now imply that c=),_,(®ca.)

~>mi(@®cd). If we set ¢’ =Y o (Dc), we will have c~c’, c¢’ =86, and
(cdc’)=ai

Finally, since ¢ xa,, we have c~c? for some c¢? with §=<c?=<a, by
Lemma 6.6. Applying the reasoning of the preceding paragraph to ¢? and
a,2ap,11= - - - we obtain ¢?’ such that ¢?~c?’ and (c?®c?’) <a,. Then
¢'~c, c~c?, cP~c?, imply, by Theorem 5.1, ¢’~c?’ and hence, by Lemma
6.3, (c®c’)~(c?®c?’). Lemma 6.5 (III) now implies that (c®c’) xa, for
all p=1,2, - - -, and ¢’ satisfies all the requirements of the lemma.

LEMMA 6.11. The hypotheses of Lemma 6.10 imply c=60.

Proof. Suppose that ¢, ¢, - - -, & have been defined for some fixed

$=0,1, - - - in such a way that, if we write ¢, for &i+ - - - +¢,, then

\)p c~¢ forr=1, .- - - 27

(u)p &, r=1, - - -, 27 are independent over 6;

(»)p cw=aiand ¢ xa,forn=1,2, - - -.
Then there exists, by Lemma 6.10, an element ¢’ <a, such that ¢ ~c,
cpe’ =0,and (¢ ®c’) xa,forn=1,2, - - - . Let T be a perspective mapping

of L(8, c) on L(8, ¢'), and let &y, =T(¢,) for r=1, - - -, 22. Then (\)p41,
(1) p+1, and (¥) 41 will be satisfied. Since we can define & =c to satisfy (\)o,
(1)o, and (»),, it follows that we can define, by induction on p, an infinite
sequence &, (n=1,2, - - - ),satisfying (\),, (1), and (¥),for all p=0, 1, - - - .
Then we have ¢, &, - - - independent over 6 and én~éat1 (by Theorem 5.1
since ¢,~¢, c~¢a11); hence =0 by Lemma 4.3. Since ¢=¢; we have c¢=#.
This proves the lemma.

LEMMA 6.12. Without the condition ¢<a,, the remaining hypotheses of
Lemma 6.10 tmply ¢ =0.

Proof. § <cay, ¢ xa,, imply, by Lemma 6.6, the existence of a ¢ with
#=<c=a;, and ¢~c;. By Lemma 6.5 (III), c; and @, 2a.= - - - satisfy the
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hypotheses of Lemma 6.10; hence Lemma 6.11 implies ¢, =6. Since ¢~c¢; =0
and 0=<c¢, Lemma 4.4 gives ¢=0. This proves the lemma.

LemMA 6.13. If 0 is defined and c < (a@®D), there exists a decomposition
c=01Dcs with ¢y xa, ¢y x b.

Proof. By Lemma 6.6, c~u, 0 <% < (a ®b). Let u, = au,define u/ = [u—u,],
and let ug=(a+u,)b; then ¥ =u,® %, , and up~u, with axis a, for

uwl +a= (@ +a)b+a) =(@+ul)b+a=u+a,
hence (i) is satisfied; and
uia = ulua = ui{u = 0 = usba = usa,

hence (ii) is satisfied.
Now let ¢;=T-'(u;) and ca=T-'(u)); then c=c®cs, ci~u1<a, and
ca~us =b (by Theorem 5.1, since c;~wu;" and %, ~us). This proves the lemma.

LEMMA 6.14. If 0,22 - - - and cxa, for n=1,2, - - -, then ¢ <[ [1@a.

Proof. Let d=]].a,, 0=cd. Apply Lemma 5.1 to ¢ and 4,=a,= - - - to
obtain a,=a, ®@awitha/ 2af = - - - . Then][.a.’ =[I.a. )dal =6.

Let ¢o=c and d,=4d. Suppose ¢., ¢/, @, 4/, have been defined for 1 <r<p
and for some p=1, 2, - - - in such a way that the following conditions are
satisfied:

(@)p Cra=c,®c/, G1=a,Dd/,c/ ~ad/,for1=r<p.

B)s €p1x a5, (p>1),and ¢p1 x (@ +8p), forn=1,2,- - ..

Then, since ¢,—; = (a; +d,), we can define ¢,, ¢, , @, , by Lemma 6.13, so
that

1 =Cp Dy, Cp Xy, Ay = 8.
Now define 4, = [@,_1—a, ]. Then, by the use of Lemma 6.8,
Gp1=ad, D dy, cp x (a) @ dy), for n=1,2,..-.,

Thus (@)p+1, ()41 are satisfied. Since (a); and (8), are satisfied by co, @, it
follows that we can define by induction ¢, ¢/, &, &/, for r=1,2,.- -, to
satisfy (@), and (8), forall p=1,2, - - - .

By Lemma 2.11

c=2 (@)@ ]lca, a=2(®a)o []a..
ne=1 Nl ne=l ne=l
Since

0 0
Mol =0=Ilca=crxal for r=1,2,+--,

ne=1 nm=l



560 ISRAEL HALPERIN [November
Lemma, 6.12 implies [ [~ ,c.=0. Hence c=_,.,(®c.). Since
c( > (@ a;)) - cd( > (@ a;)) =9,
n=1 n=1

Lemma 2.10 implies ¢/, a’, (=1, 2, - - - ), are independent. Lemmas 2.3
and 4.2 now give

c=2(@®c)~2 (®d) =a=]]an.
n=1 n=1 n=1
Hence ¢ <] ] .a., which proves the lemma.
LeMmwMA 6.15. If 0 is defined, and if
adad =000V,
then b < a implies a’ < b’.

Proof. Suppose b~a;<a, and define a/ =[a—a:]. Then a:®(a/ ®a’)
=b®b’,and Lemma 6.2 implies (a; da’)~b"; hence by Lemma 6.5 (II) a’ = b’.

LEMMA 6.16. If 61<a;,< - - - andif anx<cforn=1,2, - - - [ then .a, xc.
Proof. Let aic=0, and define w1 =ai, %,=[@a—an] for n=2, 3, - - -;
then a,=) »_%,, (n=1,2, - - -), and @, us, - - - are independent over 6 by
Lemma 2.6, since #p1(#1+ + -+ +%,) = [anpn—a,]a,=0forn=1,2, - - - . Set

bn=z,°°_,,+l(€9u,) forn=0,1, - - - ;thenb=b= - - -, and
bo= 2 (® ) = a, ® by, n=12---.

r=1

Hence bo=> o ,a.. Since #,=<a, we also have bo= . %, =) ,._.0s; thus
bo=2 o 1@n. Now define ¢’ = [(bo+c) —c] and by = [(bo+c) —bo]. Then

c®C =by Dby =a, D (ba ® bg)
forn=1,2, - - - ,and Lemma 6.15 implies ¢’ « (b, ®by ) forn=1,2, - - - . Ap-
plying Lemma 6.14 to ¢’ and (b1 +b¢) = (b2+b0) = - - -, we obtain
¢ « JI (6 +89) =(an>+bo' =045 =bf.

Lemma 6.15 now implies ) _,a, = b, « ¢. This proves the lemma.

DEFINITION 6.2. If a1, as, - - - 1S an infinite sequence, we define

limsupa,.=H<ian>, liminfa,.=z<ﬁa,.>.

r n=p P n=p
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The sequence is called convergent if lim sup a,=1im inf a,, and for a convergent
sequence we define lim a,=lim sup a,=Ilim inf g,.

LEMMA 6.17. If a12a2< - - - (@12 a2= - - - ) then lim a, is defined and is
equal t0 ) _nan ([ .an).
Proof.

limsupa”=ﬁ(ia,.> =ﬁ(ia,.) = ‘Z‘,a,,

p=1 \ n=p Nom n=l

-

liminfan=§(f[an> -3 @) = Zon
(-5 (1) - 11)

p=1 \ n=l

Hence lim sup a,=lim inf a,=)_n.a. (=]].a.) and the lemma follows from
Definition 6.2.

THEOREM 6.1. CONTINUITY OF PERSPECTIVITY. If a1, @s, - - - and by, by, - - -
are convergent sequences with lim a,=d and lim b,=0, then a.~b, for
n=1,2, - - - implies a~>.

Proof. For every fixed p=1,2, - - - we have

(ﬁa,.)éa,~b,§(2b,.>, r=pp+1,---,

n=p

and Lemma 6.14 implies (II,-,a4) «I1,~,O n-,0s) =5. Lemma 6.16 gives
a=2 . (IT.-,a.) <8, thatisa «b. Similarly  « a. Then, by Lemma 6.15(IV),
d~b, which proves the theorem.

COROLLARY. If 01 S@:=< -+ - and bi<b:< - - - (@12@= - - - and by=b,
=) thenas~baforn=1,2, - - - implies I nn~ nbn ([[a@a~I1nb).

Proof. By Lemma 6.17 this is a special case of Theorem 6.1.

THEOREM 6.2. ADDITIVITY OF PERSPECTIVITY. If 0 is defined and if a.,
1=0n<p, and by, 1 En<p, are each independent over 0, where p is finite or in-
finite, then a,~b, for 1 <n<p implies

3 (@4, ~3 (©b).

n=1 ne=l
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Proof. By Lemma 6.4 Y ;_,(®a,)~2 &_,(®b,) for all r<p. If p is finite
this proves the theorem, and if p is infinite we have, using the corollary to
Theorem 6.1,

g(e a) = Z(g(e a,.)>~2(i(e> b,.)> - é(@ b).

r r n=1
This proves the theorem.*

* For the special case of an irreducible geometry (finite dimensional or continuous), all the
lemmas and theorems of §6 are easy consequences of the existence of a dimension function, and
conversely, some of them are useful in establishing the existence of the dimension function (see C.G.
part 1, chaps. 6 and 7). The notion of a convergent sequence is given in an equivalent form by von
Neumann, Proceedings of the National Academy of Sciences, vol. 22 (1936), p. 107 (see the defi-
nition of lim** given there).
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